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1 Introduction

Economic agents usually trade goods without having perfect knowledge of their
characteristics. This applies to firms hiring workers with unknown productivity as
well as to consumers buying used cars with unknown quality. Each trader enters
the market with specific prior knowledge and observation abilities concerning the

characteristics of the goods being traded.

For example, an agent may not be able to distinguish the quality of the melons
that are being offered in a market, which may be good or bad. Suppose that,
nevertheless, the agent decides to buy 10 good melons. The agent may get 10

good melons, or maybe 2 good and 8 bad, or, more likely, 10 bad melons.

Since some agents are able to distinguish the good from the bad melons, we
assume that good melons and bad melons can be traded at different prices. But
an agent that cannot observe the quality of the melons should be better off buying
bad melons, because to buy good melons the agent has to pay a higher price and

will end up receiving bad melons as well.

This is a particular kind of asymmetric information, famous since the seminal
contribution of Akerlof (1970), which is designated as adverse selection. But ob-
serve that this information asymmetry differs from that considered in the models
of trade with adverse selection of Prescott and Townsend (1984a, 1984b), Gale
(1992, 1996), Bisin and Gottardi (1999, 2006) and Rustichini and Siconolfi (2008).
In these models, agents enter the market having private information about their

type (endowments and preferences in each of the possible states of nature).

In this paper, each agent’s private information is described by a partition of
the set of commodities, such that the agent can distinguish goods that belong to
different sets of the partition. This formalization can also be found in Minelli and
Polemarchakis (2001) and in the recent paper of Meier, Minelli and Polemarchakis

(2006), which was the main motivation for this work.

In the model of Meier, Minelli and Polemarchakis (2006), there are only markets
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for classes of goods that everyone can distinguish. If there is an agent in the
economy that does not distinguishes apples from oranges, then the other agents
cannot trade apples (or oranges) among themselves. This seems very restrictive,
and here an alternative framework is considered. An agent that does not distin-
guish good melons from bad melons may buy melons that are labeled as good.

However, the agent should expect to receive bad melons instead.

Instrumental to the treatment of trade with adverse selection are the concepts
of “pool” and “delivery rate”, introduced by Dubey, Geanakoplos and Shubik
(2005). We can think of a set of commodities, like melons (good and bad), as a
pool. An agent that buys 10 units of good melons but is unable to distinguish
the good from the bad melons, may receive 2 units of good melons and 8 units
of bad melons (the delivery rates are 0,2 and 0,8). An agent that can distinguish

the good melons would surely receive 10 units of good melons.

An agent that buys a good may be delivered one of a set of possibilities, and
takes as given the probabilities of receiving each of the possible deliveries. This
is closely related to what was termed as “uncertain delivery” by Correia-da-Silva
and Hervés-Beloso (2007, 2008a and 2008b), in a series of papers that study ex-
ante trade of contingent goods, with agents having different abilities to verify the

occurrence of the exogenous states of nature.
The main result of this paper is the existence of equilibrium (Section 2).

To illustrate the main intuitions offered by the model, the examples presented by

Meier, Minelli and Polemarchakis (2006) are explained and solved (Section 3).

2 The model

We consider an economy in which a finite number of agents, i € {1,...,n}, trade

a finite number of goods, [ € {1, ..., L}.



Each agent has specific abilities to distinguish the different goods that are traded
in the market. These observation abilities are described by a partition of the set
of goods, P;, such that m € P;(l) if and only if agent ¢ cannot distinguish good [

from good m.

The inability to distinguish between two goods, [ and m, implies that an agent
that buys certain quantities of [ and m, say y! and ™ may receive a different

bundle, with 2! and 27 such that:
i+ =y oy

More generally, when buying y; = (y1, ..., yF), agent i will receive z; = (z}, ..., zF)
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where k'™ denotes the number of units of good [ that the agent i receives for

each unit of good m that he buys.

The delivery matrix, k;, is endogenous (equilibrating variable). The delivery
matrices that are compatible with an agent’s abilities to distinguish commodities

are such that, for each m:

ZlEPi(m) kgm =1
km =0, VI ¢ Py(m)

The set of matrices that satisfy these conditions is denoted K;, and K = [[;" K.

It should be clear that if agent i can distinguish all commodities (P;(l) = {l}, Vi),
then K has a single element, which is the identity matrix (agent i receives exactly

the bundle that he buys).

Agents wish to maximize their utility function, U;(z;), which is continuous, con-

cave and strictly increasing (x; > x} = U;(x;) > Us(x})).

4



Taking prices, p, and delivery rates, k;, as given, agent ¢ buys a bundle, y;,

that maximizes utility, U;(k;y;), among those that satisfy its budget restriction,
yi € Bi(p).*

Bi(p):{yiEIRi: p'yi§p~ei}.

Definition 1

A Nash-Walras equilibrium of the economy & = {e;, U;, P}, is composed by

a price system, p* &€ Ai, individual choices, y* = (yi,...,y:) € IRZLFL, delivery

rates, k* = (k}, ..., k%) € K, and the resulting allocation, z* = (7, ...,2%) € R,
which are such that:
yi € arg max Ui(kjy;), Vi;
yi€B;i(p*)

* *, ok .

sz < Zei.
i i

Assumption 1

e; > O, V.

Theorem 1

Under Assumption 1, there exists a Nash-Walras equilibrium of the economy.

Proof:

First, we consider bounded choice sets. Let £ =" 3F el + 1 and define the

following convex and bounded consumption sets:

Yi={yi e R} : y; <EVI}.

The budget set in this bounded economy are:

LAll suppliers of a good [ receive the same price p! for a unit of this good, independently of

their information.



Bi(p) = {yi €Yi: p-yi Sp'ez‘}-
Let ©;(y,p, k) = arg max {U;(k;z)}.
ZZ'EBi(p)
Given Assumption 1, the correspondence B;(p) = {y; € Y : p-vyi < p- e} is

continuous with non-empty compact values.
The utility function, U;(k;y;), is continuous with respect to both k; and ;.

Then, from Berge’s Maximum Theorem,? we know that v;(y, k, p) is upper hemi-
continuous with nonempty compact values. It is also convex-valued, because U;
is concave.

Let y(y. p. k) = arg max {q - (ki — e:)}.
geA

+

And let ¢y, (y, p, k) = arg min {p- zyi}

All the correspondences (v;, 1, and 1),) are upper hemicontinuous with

nonempty compact and convex values. Therefore, the product correspondence,
Y = TTiey ¥i X ¥, X [izg ¥y, also is.

Applying the Theorem of Kakutani, we find that there exists a fixed point of v,
that we denote by (y*, p*, k*).

To prove that it is an equilibrium, all we need is to show that the resulting

allocation is feasible:
Yikiy; < Xie
The individual budget restrictions imply that: p*- >, yf < p*- > e;.

Since kI € ¢y, (y*, p*, k*), we are sure that p* - kfyf < p* -y (because choosing k;
to be the identity matrix implies equality).

Therefore: p* - >, klyr <p*- 3, e;.
Then, if there were some good m for which k™ y"™* > e, there would be another,

4, for which k*y* < el. But the goods in excess supply, as j, would have null

prices, p’* = 0, because p*1,(y*, p*, k*). In any case, we would have p*- 3>, kjyF >

2See, for example, Aliprantis and Border (2006).



p* - >, €;, a contradiction. Existence of equilibrium in the bounded economy is

established.

Observe that the bound on the choice sets is large enough for the individual
choices to be interior. Since preferences are convex, we are sure that the bounds

are not binding. The same (p*,y*, k* x*) are an equilibrium of the economy

E={e,U;, B}1,.

QED

3 Examples

3.1 Cherry picking

Three individuals, I = {1,2,3}, trade three commodities, L = {0,, g}, that we

can think of as ‘money’, ‘red cherries’ and ‘green cherries’.

Agent 1 is endowed with ‘money’, agent 2 with ‘red cherries’ and agent 3 with

‘green cherries’.

e = {12, 07 0},
€9 = {0, 12, 0},
€3 = {O, O, 12}

All agents prefer ‘green cherries’ to ‘red cherries’. Agent 2 does not like ‘red

cherries’ at all. Preferences are described by the following utility functions:
ui(z1) = In(2?) + In(zh) + 2In(z9);
ug () = In(xY) + 2in(xd);

uz(x3) = In(z) + In(xh) + 2n(zf).



There is asymmetric information because agent 1 cannot distinguish ‘red cher-
ries” from ‘green cherries” while agents 2 and 3 are able to distinguish the three

commodities.
Py = {{0}, {r,g}};
By = {{0}, {r}, {9}};
Py = {{0},{r} {g}}-

In the lines of the model of an economy with uncertain delivery, agents 2 and 3 can
trade all goods, while agent 1 can only trade the two groups of commodities that
he can distinguish: ‘money’ and ‘cherries’. This restriction reflects the difficulty
of enforcing trade contracts under asymmetric information. Formally, agent 1
can actually buy ‘green cherries’, but the seller can deliver ‘red cherries” anyway

(agent 1 would not notice it).

The group of commodities designated as ‘cherries’ can be seen as a list contain-
ing two alternatives: ‘red cherries’ and ‘green cherries’. In the original context
of an economy with uncertain delivery, which was of ex-ante contracting for fu-
ture contingent delivery (agents could not distinguish states of nature, but could
distinguish commodities), delivery had to be either of ‘red cherries’ or ‘green cher-
ries’.? Here, additional complexity arises from the fact that there is an infinite
number of possibilities for the delivery of 10 ‘cherries’ (10 ‘red’ and 0 ‘green’, 5

‘red” and 5 ‘green’, 7 ‘red’ and 3 ‘green’, etc.).
Since agent 2 will not buy ‘red cherries’, his budget restriction is (notice that the
price of ‘money’ is normalized to p® = 1):

PPzl + prah + paf = pel, = a2 + plad = 12p".
The optimality condition implies the equality between the ratios of the marginal
utility over price, for each good demanded:

9 = 0.5p9xd.

3See Correia-da-Silva and Hervés-Beloso (2007, 2008a and 2008b) for a detailed description.



From the budget restriction and the optimality condition, we find the demand of

agent 2:
2y + pla§ = 12" = af + 225 = 1207 = 2 = 4p;

7y = 0;
o)+ plxy = 12p" = 0.5p929 + plaf = 12p" = 2§ = Sp—g.
p
Similarly, we can obtain the demand function of agent 3:

Ty Py Py = 127
z = p'al = 0.5p9xf
= 25 + a5 + 228 = 12p7 = 2§ = 3pY;
pg
= play+pay 4+ 2p"xh = 12p = af = 3]?;
= 0.5p%x% 4+ 0.5p%f + paf = 12p? = 2§ = 6.

Looking at the demand of agents 2 and 3 for ‘green cherries’, we find that p” < p9,
otherwise there would be an excess demand. More precisely:

p’f'

8—9 +6<12=p" <0.75p7.

p
Suppose that agent 1 buys a quantity x}? of ‘cherries’ (a list that guarantees
delivery of ‘red cherries’, x7, and ‘green cherries’, x{, such that a7} + z{ = z}9).
According to the model of an economy with uncertain delivery, if ‘red cherries’
are cheaper than ‘green cherries’, then the agent should receive only ‘red cherries’,

and no ‘green cherries’.

If the agent received some ‘green cherries’, then one could wonder why someone
is delivering these ‘green cherries’, instead of trading them in the market for ‘red
cherries’ plus ‘money’ and delivering the ‘red cherries’ while keeping the ‘money’

(there would be an arbitrage opportunity).

Following these lines, since p” < p?, then ] = 0. Assuming that agent 1 is aware
of this (delivery rates are anticipated and taken as given), we can find his demand

function. The quantity =] and the price p" can also be interpreted as the quantity



and price of (undistinguished, or pooled) ‘cherries’, 277 and p9.*

)+ prat =12 N W +a)=12=2"=6

0

Ty =p'xl prat +pat =12 =2 = &

P
For demand to equal supply:

20+ a2l +a)=12=4p" +3p? =6

vl ahay=12= 5 438 =12

of +af +af =12 = 85 =6 = p" = 0.75p°
These equations allow the determination of equilibrium prices, p* = (1;0.75;1):
Adp" +3p? =6=4-0.75p +3p? =6 =p’ =1=p" =0.75;

s T ‘s 6 pg
x1+x2+x3:12:>]?+3]?:12;

‘s

x?+x§+x§=12:>8§g:6:>pT:0-75pg-

The allocation is, therefore (deliveries are truthful):

6
] = (6,—,0) = (6,8,0);
p’]"

3.2 Modified cherry picking

Is it always the case that agent 1 does not consume ‘green cherries’? Agent 1
could consume ‘green cherries’ if the incentives for agents 2 and 3 to give him

only ‘red cherries’ disappear.

4Agent 1 prefers any interior bundle (z; > 0) to a bundle that is in the frontier of the
consumption set. But he cannot get any ‘green cherries’ and, therefore, his utility is infinitely
negative. Here we are assuming that, among bundles (in the frontier of the consumption set)

with 2§ = 0, the preferences of agent 1 are described by u1(z1) = In(2?) + in(z]).
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This may be the case if ‘green cherries’” become much more abundant than ‘red

cherries’. Let’s double the endowments of agent 3 (green cherries):

€1 = {12, O, 0}
€9 = {0, 12, 0}
€3 = {0, 0, 24}

Demand of agent 2 remains unaltered:

x4+ plaf = 12p"
=
zd = 0.5p97}
= wg + 2$8 =12p" = .758 = 4p";
= x5 = 0;
= 0.5p%29 + plaf = 12p" = 2 = 8p—g.
p
While demand of agent 3 doubles:

o3+ p'as +pial =240

zy = a5p” = 0.5x4p’

= 29 + 23 + 229 = 24p? = 23 = 6p7;

g
=l + P+ 270 = 24" = af = 65
p

r

= 0.5p%2% + 0.5p%xd + paf = 24p? = 2§ = 12.

In this case, demand of agents 2 and 3 for ‘green cherries’ does not exceed supply

as long as p" < 1.5p9:

f+af =82 +12<24 = p < L5pt.
p
There are three possibilities: (a) the price of ‘green cherries’ is higher than the
price of ‘red cherries’ and thus agent 1 only consumes ‘red cherries’ (as in the
previous example); (b) the price of ‘red cherries’ is higher than the price of ‘green
cherries” and thus agent 1 only consumes ‘green cherries’; (c) the prices of ‘green

cherries’ and ‘red cherries’ coincide.

In case (a), there would be excess supply of ‘green cherries’, as aggregate con-

sumption is lower than 20.
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xi’+x§+x§:0+8p—g+12 < 20.
p
In case (b), there would be excess supply of ‘red cherries’, as aggregate consump-

tion is lower than 6.
P9
i+, +25=04+04+6— <6.
pr

Thus, in equilibrium we must have case (c¢): p" = p9 = p'9.

To = (4p7‘g’ OJ 8)

= = x9 + 23 = (10p", 6, 20).
xg = (6p"9,6,12)

The only candidate equilibrium allocation gives agent 1 the following consumption

bundle: x; = (12 — 10p"9,6,4).

To check whether this is an equilibrium, we need to find the demand of agent 1.
A problem that we face is that agent 1, through his demand, may influence the

quality of the cherries (the proportion between red and green cherries).

It is assumed that he takes the proportions of delivered red and green cherries as
given. In equilibrium, this proportion must be fulfilled (otherwise it would not
be an equilibrium). Since we already have a single candidate for an equilibrium
(x1 = (12 — 10p™,6,4)), we must assume that he expects to receive 60% red

cherries and 40% green cherries.

The utility and the maximization condition of agent 1 are (with z}? = 7 + x{):

1
uy (1) = Inz? + In(0.6217) + 2In(0.4279) = 29 = gpfga:{g.

Putting this together with the budget restriction, demand is obtained:
0 rg .79 __ 0 __ 0 _ 9.
r, +plz)" =12 = 4x] =12 = 2] = 3;

9
o) +pir? =12 = 2) = g
p

For demand of ‘money’ to equal supply:

) + a5+ a5 =12= 3+ 4p" +6p" =12 = p"? = 0.9.

9
=717 = — =10.
P
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Equilibrium prices are, therefore, p* = (1;0.9;0.9), and the allocation is:
xy = (3;6;4);
x5 = (3.6;0;8);
x; = (5.4;6;12).
In this case, agent 1 consumes both ‘red cherries” and ‘green cherries’, which are

traded at the same price. Agents 2 and 3 optimize by delivering to 3.6 units of

‘red cherries’” and 5.4 units of ‘green cherries’ for agent 1 to consume.

The quantities of red and green cherries that agent 1 buys (y] and y{) are irrele-
vant, given that they add to 10. In any case, the delivery rates adjust to be such

that delivery is surely as calculated above: z7 = 6 and z{ = 4.

3.3 A job market

Consider an economy with two firms, A and B, that have an initial endowment
of ‘money’ and hire labor. There are two types of labor, 1 and 2 (type 2 is more
productive than type 1). Money is designated as good 0. Both firms have the

same preferences and endowments (8 units of ‘money’):
ea ={8,0,0};
ep ={8,0,0};
ua(ra) = Ta0 + Ta1 + 42 a9

up(rp) = Tpo + xp1 + 4T ps.

Price of money is normalized to 1, and the wages of each type of labor are denoted

w; and ws.

Two workers supply labor, at the expense of their time of leisure. Their endow-

ments are 4 units of time.
€1 = {07 47 0};
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€2 = {Oa 07 4}a

1
uy (1) = 210 — —;
1(21) 10~

1
Up(w2) = To9 — —.
2(22) 0=

Asymmetric information is present because firm A can distinguish between the

two types of labor, but firm B cannot.
Py = {0}, {1}, {2} };

For demand of labor by firm A to be finite, it is necessary that w; > 1 and wy > 4.
In fact, it is clear that in equilibrium we will have wy = 4, otherwise there would
be no demand for labor of type 2. Notice that, at this wage, firm A is willing to
hire any quantity of labor of type 2.

Optimization by the workers yields demand for leisure. Agent 2 dedicates half of
the time to work and the other half to leisure.

1/2

w2x§2 =1l=xp=w, '~ =2

If wy; = 4, then the worker of type 1 would also wish to sell 2 units of labor. Only
firm B could use this labor (firm A would not find it profitable to hire labor of
type 1 at wy; = 4). But, clearly, firm B would not be willing to pay w, = 4,
knowing that the labor would not be 100% of type 2. Thus: w; < 4 and all the
labor hired by firm B is of type 1 (workers of type 2 are not be willing to work

for a wage lower than 4, which is what they receive from firm A).

Firm B is aware of this reasoning, and knows, therefore, that the labor hired is
100% of type 1. For firm B to demand a finite amount of labor, it is necessary
that wy; = 1. In sum, these considerations imply that equilibrium prices are

wi =1 and w; = 4.

Again, optimization by the worker yields agent 1’s demand for leisure.

—1/2
wle1:1:>:c11:w1 2 _ 1,
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From the budget restrictions, we obtain the money income of each agent:
T10 + w11 = wien = Tip = wi(4 — 111) = T10 = 3;

Tog + WaTog = Waloy = Ty = w2(4 —2) = x99 = 8.

The corresponding money income and leisure time of each agent are:
z] = (1,3,0);
x5 = (8,0,2);

Ignoring the indeterminacy on the allocation of labor of type 1 (firm B is assumed

to hire all the supply), we find:
Ty = (Thos Ta1s Taa) = (4,0,2);

x*B = (wgovx*B17x*B2) - (77 1’0)'
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