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Abstract. We consider a committee, board, group or jury that faces a
binary collective decision under uncertainty. Each member holds some private
information and all members agree about what decision should be taken in
each state of nature. However, the state is unknown and members may differ
in their valuations of the two types of mistake that may occur, and/or in
the prior they hold about the true state of the world. We generalize existing
results with respect to such preference and belief heterogeneity, and provide, in
a unified framework, necessary and sufficient conditions for informative voting
to be an equilibrium under classical majoritarian voting, two-stage voting with
a communication stage, and a randomized majority rule that has a unique
equilibrium. For the latter, we restore Condorcet’s asymptotic efficiency result.
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[Preliminary and incomplete]

1. Introduction
Many important decisions are not taken by individuals but by groups, committees,
boards or electorates. We here analyze a class of such situations, in which the group
faces two alternatives and there are only two states of nature. All group members
agree which decision is optimal in each state. However, the true state of nature is
unknown. Each group member holds a prior probability over these states, a prior
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that may be based on ex ante public information, such as evidence or expert reports
presented to the whole group, committee, board or electorate. Group members may
also differ in their valuations of the costs associated with the two types of mistake
that may occur. Each group or committee member also has some private information,
a private “signal” about the true state of nature. What decision rule should the group
use in order to reach a collective decision? How should each member act, given his
or her private information, values and beliefs, under such a decision rule? These are
the questions that we here address.
The topic is not new. Condorcet’s (1785) so-called jury theorem essentially estab-

lishes that if (a) each member’s information is positively correlated with the true state
of nature, (b) distinct members’ information is conditionally independent, given the
state of nature, (c) all jury members cast their votes solely on the basis of their own
private information – “vote informatively” – then aggregation by way of the ma-
jority rule is asymptotically efficient in the sense that the probability for a mistaken
collective decision tends to zero as the number of voters tends to infinity. However,
as is by now well-known, Austen-Smith and Banks (1996) pointed out a weakness of
this classical result. While Condorcet’s hypothesis (c) may seem innocuous, a careful
game-theoretic analysis shows that such voting behavior may not be compatible with
Nash equilibrium, not even when all members have ex ante identical preferences and
beliefs. More precisely, if the number of voters is sufficiently large, informative voting
is, generically, not a Nash equilibrium of a Bayesian game that formally represents
Condorcet’s setting. The game-theoretic reasoning runs as follows: an individual vote
affects the collective decision only if the vote is pivotal.1 But if all the others vote
informatively, the fact that they are tied is very informative, perhaps “drenching”
the individual voter’s own private information. Hence, it may be rational not to vote
according to one’s own private information.
Another seminal paper on incentives for informative voting is Feddersen and Pe-

sendorfer (1996), in which the so-called swing voter’s curse is analyzed. It refers to
the following phenomenon. If voters, among whom there are partisans for each al-
ternative as well as non-partisans, are allowed to abstain from voting, then poorly
informed non-partisans may use the following mixed strategy. They probabilistically
balance their votes in such a way that they collectively compensate for the presence
of partisan voters (who support a given candidate in any case) and leave room for the
better informed non-partisan voters. This mixed strategy of poorly informed non-
partisan voters involves abstention with positive probability. Subsequent theoretical

1The notion of a pivotal event for a player is not restricted to voting games; Al-Najjar and
Smorodinsky (2000) defined, in a general setting, the influence of a player in a mechanism as the
maximum difference this player’s action can make to the expected value of a collective result. They
show that, in a precise sense, the mechanisms that maximise the number of influential players are
closely related to majority rule.
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research on committee behavior has mainly concerned the relative merits of different
voting rules, see Feddersen and Pesendorfer (1998), and the role of straw-votes or
debates before voting, see Coughlan (2000) and Austen-Smith and Feddersen (2005).
When voters are identical, the picture is very different with and without debate or
straw vote. If voters with identical preferences share their private information in the
debate or straw vote, which they do in certain equilibria, then votes are unanimous in
the decisive vote, and all majoritarian voting rules (including unanimity) are equiv-
alent, see Gerardi and Yariv (2007). However, in general there is a plethora of other,
uninformative equilibria. Moreover, truthful reporting in the straw vote is incompat-
ible with equilibrium if committee members differ sufficiently in terms of preferences
(their valuations of the costs associates with the two types of mistake).
We here generalize some of the above results and provide general conditions for

informative voting to be an equilibrium, with and without a straw vote, and also
under a randomized majority rule. The conditions essentially require the commit-
tee members to agree on how many signals of each type it takes for one decision
to be preferred over the other. More precisely, we generalize Austen-Smith’s and
Bank’s (1996) model to allow for preference asymmetry (between the two types of
mistake) and heterogeneity (within the group or committee in question), and we gen-
eralize Coughlin (2000) to allow for state-dependent signal precisions. Under arguably
weak auxiliary assumptions, informative voting under classical majority rule is not
an equilibrium when the group of voters is large enough. However, there is a class of
randomized majority rules under which informative voting is the unique equilibrium.
We characterize (utilitarian) first-best optimality of deterministic collective decision
rules in this setting and show that, and we relate the two conditions to each other.
When the committee is relatively homogeneous, in terms of ex ante preference and
beliefs, the two conditions coincide. The relative homogeneity condition is identical
to that in Coughlan (2000) and also applies to state dependent signal precisions.
Most of these results rest on (Bayesian) rational voting decision-making in situa-

tions where the individual vote is likely, in large committees, to have no consequence
for the collective decision. Rational voters who expect others to vote informatively,
may then have an incentive to vote against their private information. The randomized
voting rule that we here develop overcomes this disincentive effect and has informative
voting as an equilibrium, indeed the unique equilibrium. Moreover, as the number of
voters tends to infinity, full asymptotic efficiency is obtained in the limit. Thus, Con-
dorcet’s result then holds under such randomized voting rules and with assumption
(c) above replaced by the assumption of equilibrium voting.
The rest of the paper is organized as follows. In section 2 we set up the model,

and Section 3 is devoted to some preliminary observations and results. Section 4
analyzes optimality of deterministic collective decision rules and Section 5 identifies
conditions under which informative voting constitutes a Nash equilibrium under clas-
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sical majoritarian voting rules. Section 6 analyzes conditions for informative voting
to constitute a sequential equilibrium in a two-stage voting procedure in which com-
mittee members may report their private information before voting. In section 7 we
develop and analyze a randomized voting rule and provide conditions under which
informative voting is the unique Nash equilibrium, and we show that by adapting
such a voting rule to the number of voters, asymptotic efficiency is obtained along
the sequence of unique Nash equilibria. Section 8 concludes. Mathematical proofs
are given in an appendix at the end of the paper.

2. The model
There are n committee (group, board or jury) members i, where n is a positive integer;
i ∈ I = {1, ..., n}. The committee has to make a binary decision, x ∈ {0, 1} = X. All
committee members agree what is the right decision in each state of nature. However,
they do not know the state of nature ω ∈ {0, 1} = Ω. Each committee member i has
a prior belief about the actual state of nature. Let μi ∈ (0, 1) be i’s prior that the
state of nature is ω = 1. These priors may be identical, but this need not be the case.
Each member i also receives a private “signal” si ∈ {0, 1}, a random variable that is
positively correlated with the true state of nature ω:½

Pr [si = 0 | ω = 0] = p0
Pr [si = 1 | ω = 1] = p1

for precision parameters p0, p1 > 1/2. Hence, all committee members are “equally
competent” in the sense of having the same signal precision – conditional probability
of receiving the “correct” signal – in each of the two states. Signals received by
different committee members are, however, assumed to be conditionally independent,
given the state of nature.
All committee members agree that the right decision in each state ω is x = ω.

However, they may differ in the von Neumann-Morgenstern utilities that they assign
to the four possible decision-state pairs. For each committee member i, these utilities
are given by the following table:

ω = 0 ω = 1
x = 0 ui00 ui01
x = 1 ui10 ui11

where ui01 = ui11 − αi and ui10 = ui00 − βi for αi, βi > 0. For each committee
member i, these two parameters are the disutilities or “costs” that the committee
member attaches to the two types of mistake. A committee member’s von Neumann-
Morgenstern utilities may represent his or her personal values or those of a con-
stituency that the member represents. For much of the subsequent analysis, the
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relevant data about each committee member’s type θi = (αi, βi, μi) can be summa-
rized in a single parameter,

γi =
μiαi

(1− μi)βi
(1)

This summary characteristic γi > 0 of member i is the ratio between the ex-ante
expected mistake costs that member attaches to mistakes of type I and II (that is,
before receiving her private signal si). To see this, recall that committee member i
attaches the cost or disutility αi to a mistake of type I, that is, of taking decision 0
in state 1, a state to which i attaches ex-ante probability μi. Hence, the nominator
in (1) is her ex-ante expected cost of the type-I mistake, and the denominator is
her ex-ante expected cost of the type-II mistake. We also note that a member’s
characteristic γi is invariant under positive affine transformations of his or her von
Neumann-Morgenstern utilities: addition of a constant to all four uixω, given i, does
not affect αi and βi at all, and multiplication of all u

i
xω by a positive constant does

not alter the ratio αi/βi.
In the classical base-line setting, each committee member i casts a vote vi ∈ {0, 1},

a vote which may, but need not, be guided by i’s private signal. The collective decision
x is determined by way of some pre-specified voting rule f that maps each vote profile
v = (v1, ..., vn) ∈ {0, 1}n to a probability f (v) ∈ [0, 1] for the collective decision x = 1.
The probability for decision x = 0 is thus 1− f (v). Let F be the class of all such
voting rules. In this notation, majority rule is defined by f (v) = 1 if

Pn
i=1 vi > n/2,

f (v) = 0 if
Pn

i=1 vi < n/2 and f (v) = 1/2 otherwise. For any k ∈ N ∩ [0, n+ 1],
let fk : {0, 1}n → {0, 1} be the k-majority rule, defined by fk (v) = 1 if and only ifPn

i=1 vi ≥ k. In particular, f0 is the rule to take decision x = 1 irrespective of the
votes, f1 is the unanimity rule to take decision x = 0 only if all votes are for that
alternative, fn is the opposite unanimity rule, to take decision x = 1 only if all votes
are for that alternative, and fn+1, finally, is the rule to take decision x = 0 irrespective
of the votes. We will call the voting rules f0 and fn+1 degenerate. Clearly all these
voting rules belong to the class F .
A voting strategy for a committee member i in the base-line setting is a function

σi : {0, 1} → [0, 1] that maps i0s signal si to a probability σi (si) for a vote vi on
alternative 1: Pr [vi = 1 | si] = σi (si).2 In others words, a voting strategy prescribes
with what probability the committee member will cast her vote for decision alternative
1. We assume that abstention is not an option: the probability that i will vote on
alternative 0 is 1−σi (si). By a pure voting strategy we mean a strategy σi such that
σi (si) ∈ {0, 1} for both signals si. In this case, vi = σi (si). In the voting literature,
the pure strategy to always vote according to one’s signal, σi (si) ≡ si, is usually
called informative voting.

2We will also analyze voting strategies under two-stage voting rules.
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In Section 6, we extend the analysis to a two-stage voting procedure with an
information-sharing phase before voting, and in Section 7 we analyze a ran-
domized voting rule in the class F .

3. Preliminaries
3.1. Condorcet’s jury theorem. Condorcet’s Jury Theorem asserts that if all
committee members vote informatively, then the probability of a mistaken collective
decision under majority rule tends to zero as the committee size tends to infinity.
The result follows from the two assumptions that all private signals are positively
correlated with the true state of nature and that they are conditionally independent.
This holds irrespective of the “true” probability distribution for the state of nature.

Theorem 1 [Condorcet]. Suppose that all committee members vote informatively.
Let Xn (ω) ∈ {0, 1} be the collective decision under majority rule when there are n
committee members and the true state is ω. Then

lim
n→∞

Pr [Xn (ω) 6= ω] = 0

(See Appendix for a proof.) The rest of the paper is devoted to a theoretical
examination of the hypothesis that all committee members vote informatively. Under
what conditions is informative voting rational, in the sense of Nash equilibrium?
For the purpose of prediction, strict Nash equilibria are attractive because of their
epistemic and evolutionary stability. Therefore, we will also investigate the conditions
under which informative voting constitutes a strict equilibrium. We will derive most
of our results on the basis of a certain threshold function.

3.2. The threshold function. Clearly informative voting is not always reason-
able, not even for a single decision-maker. It turns out to be useful for the subsequent
analysis to first ask the following question: Suppose that a committee member i were
to observe all the n private signals s1,..., sn. How many signals 1, among these n
observations, would it then take in order for i to deem the collective decision x = 1 to
be (weakly) better than the collective decision x = 0? For given signal precisions (p0
and p1), committee size (n), the answer is an integer that depends on i’s preferences
and belief, as captured by i’s characteristic γi.

Lemma 1. For any n ∈ N, let the function Tn : (0,+∞)→ R be defined by

Tn (γ) =
n · ln

³
p0
1−p1

´
− ln γ

ln
³

p0
1−p1

´
+ ln

³
p1
1−p0

´
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Figure 1: The threshold function for a committee with 5 members.

In a committee with n members, the minimal number of signals 1 that member i
requires for decision x = 1 to be optimal is3

kn (i) = min {k ∈ {0, 1, 2, ..., n, n+ 1} : k ≥ Tn (γi)}

Since a member’s characteristic, γi, is invariant under positive affine transforma-
tions of his or her von Neumann-Morgenstern utilities, so is the member’s threshold,
Tn (γi). We note that i’s threshold Tn (γi) decreases logarithmically with γi. A com-
mittee member who assigns a low cost to a mistake of type I and a high cost to a
mistake of type II (a “dove”) thus has a higher threshold than a member who assigns
a high cost to a mistake of type I and a low cost to a mistake of type II (a “hawk”),
granted they have the same prior beliefs concerning the state of nature. Likewise, a
committee member who has a stronger prior belief that the state is 0 has a higher
threshold than a member who has a weaker such belief, granted they have the same
preferences concerning the costs of mistakes of type I and II, respectively. Figure
1 below shows the graph of the threshold function T5 for p0 = p1 = 3/4. We see
how its domain is partitioned according to the threshold function. For example, any
committee member i with γi between 1/3 and 3 deem the right cut-off for decision
x = 1 to be 3 signals 1: k5 (i) = 3.

3.3. Signal informativeness. As a first application of the threshold function,
suppose, that one committee member has been selected to make the decision single-

3We thus write kn (i) = 0 (kn (i) = n+ 1) if i deems decision x = 1 to be optimal (suboptimal),
irrespective of how many signals 1 there are among the n signals.
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handedly, based only on his or her private signal. If that signal is noisy and her prior
and valuation of mistake costs strongly favor one alternative over the other, the right
decision may well be to disregard her private signal. An application of Bayes’ rule to
i’s beliefs gives the following posterior probability for state 0 after signal 0 has been
received:

Pr [ω = 0 | si = 0, μi] =
(1− μi) Pr [si = 0 | ω = 0]

Pr [si = 0 | μi]
=

(1− μi) p0
(1− μi) p0 + μi (1− p1)

and likewise for the signal si = 1. Consequently, the strategy to vote informatively
under both signals is optimal, according to i’s preference, belief and information,
if and only if (1− μi) p0βi ≥ μi (1− p1)αi and μip1αi ≥ (1− μi) (1− p0)βi, or,
equivalently, if and only if

1− p0
p1

≤ γi ≤
p0

1− p1
. (2)

We will say that the signal is informative for committee member i if this condition
is met. We note that this condition can be written as 0 ≤ T1(γi) ≤ 1. If T1(γi) 6= 0,
the condition is thus identical with the condition k1 (i) = 1. It follows from our
assumption p0, p1 > 1/2 that the lower (upper) bound in (2) is below (above) unity.
Moreover, these bounds tend to zero and plus infinity as the two signals become more
precise (p0, p1 → 1). Condition (2) thus holds whenever some or all three parameters
γi, p0 and p1 are close to unity.

Remark 1. In many studies of the Condorcet Jury problem, all committee members
are assumed to have the same uniform prior and value both types of mistake equally
(μi = 1/2 and αi = βi for all i), in which case γi = 1 for all i and hence (2) is met
for any signal precisions p0, p1 > 1/2.

4. First-best collective decision rules
What decision rules would be optimal under Condorcet’s hypothesis that all mem-
bers always vote informatively, for a committee of arbitrary size and with members
with arbitrary preferences and beliefs? This defines an upper bound on what can
be achieved by way of collective decision-making. For such an analysis, we evidently
first need to specify a normative criterion by which to rank collective decisions. Two
candidates criteria seem relevant: (a) the probability that the decision will be correct
(x = ω), and (b) the sum of the committee members’ (subjectively) expected utilities
from the decision. While the first criterion is independent of committee members’
preferences and beliefs, and, in particular, does not discriminate between mistakes
of type I and II, the second depends, in a well-defined way, on committee members’
preferences and beliefs. We here focus on this latter, (subjectivistic) utilitarian cri-
terion, and analyze this question in terms of deterministic collective decision rules,



The Condorcet Jury Theorem and Heterogeneity 9

defined for an n-member committee as functions d : {0, 1}n → X that directly map
signal profiles s = (s1, ..., sn) to collective decisions x = d (s) ∈ X = {0, 1}. We thus
call a deterministic collective decision rule d optimal if there exists no other such
rule that yields higher (subjective) expected welfare. Formally, let D be the set of
deterministic collective decision rules and define W : D→ R by

W (d) =
nX
i=1

"X
x,ω

uixω Pr [(x, ω) | x = d (s) , μi]

#
LetD∗ ⊂ D be the subset of optimal deterministic collective decision rules for a given
committee:4

D∗ = {d∗ ∈ D :W (d∗) ≥W (d) ∀d ∈ D} .
We note that all k-majority rules are deterministic collective decision rules when
applied directly to the vector of private signals: fk ∈ D, for k = 0, 1, ..., n, n+1. The
following result follows more or less immediately from our assumptions:

Lemma 2. For every n ∈ N there exists a k ∈ {0, 1, ..., n, n+ 1} such that fk ∈ D∗.

Hence, without loss of generality we will restrict the quest for optimal decision
rules to k-majority rules, for 0 ≤ k ≤ n+ 1. Let

α0 =
nX
i=1

μiαi, β0 =
nX
i=1

(1− μi)βi and γ0 = α0/β0.

The parameter γ0 > 0 can be thought of as the characteristic of a fictitious represen-
tative committeemember i = 0, an imagined individual of type θ0 = (α0,β0, 1/2).
In accordance with the notation for real committee members, let kn (0) be the min-
imal number of signals 1 (among the n signals) required by this representative voter,
for “him” to deem decision x = 1 better than decision x = 0. Formally,

kn (0) = min {k ∈ {0, 1, ..., n, n+ 1} : k ≥ Tn (γ0)}
The following result provides a generic characterization of the optimal voting rule
under Condorcet’s hypothesis of informative voting:5 //Slightly reformu-
lated://

4Using another definition of collective welfare, Chwe (2007) analyzes which deterministic voting
rule maximizes welfare under the constraint that voters should have no incentive to vote insincerely.
The optimal voting rule is then non-monotonic (a large majority in favor of one alternative leads to
the adoption of the opposite decision) and under this rule all voters are indifferent between sincere
and insincere voting.

5This result generalizes the result in Austen-Smith and Banks (1996) from the case of committees
whose members have identical and symmetric preferences, αi = βi ∀i, to committees with arbitrary
preferences. Our state 0 corresponds to their state A, our μ to their 1−π and our k to their k∗+1.
See their inequality (7).
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Theorem 2 [Optimality]. For a committee whose n members always vote informa-
tively, kn (0)-majority rule is optimal. For generic parameter values, no other k-
majority rule is optimal. Moreover, 1 ≤ kn (0) ≤ n if and only ifµ

1− p0
p1

¶n

≤ γ0 ≤
µ

p0
1− p1

¶n

(3)

In other words, for generic parameter values, k-majority rule is optimal if and only
if k is optimal for the fictitious representative member: k = kn (0). Moreover,
for n = 1, condition (3) is identical with the signal-informativeness condition (2)
applied to the fictitious representative committee member, while for n > 1 it is a
much less stringent condition. For example, for p0 = p1 = 3/4 and n = 1, condition
(3) is 1/3 ≤ γ0 ≤ 3, while for n = 5 it is 0.0042 ≤ γ0 ≤ 240. Hence, for all five-
member committees with representative-member characteristics γ0 in this wide range,
there exists some non-degenerate k-majority rule that is optimal.
The next result follows directly from Theorem 2 and provides a characterization

for majority rule to be optimal under informative voting:6

Corollary 1. Suppose that n is odd and p0 = p1 = p. If all voters always vote
informatively, then majority rule is an optimal voting rule if and only if

1− p

p
≤ γ0 ≤

p

1− p

In other words, it is necessary and sufficient that the fictitious representative
committee finds the signal informative. With equally precise signals, it is then optimal
to take that decision which is supported by the largest number of signals.
Finally, consider an infinite sequence of committees of ever larger size n = 1, 2...,

all with the same signal precisions p0 and p1 (as in Condorcet’s theorem). We will
say the types θi = (αi, βi, μi) of the members i ∈ N in such a sequence are uniformly
bounded if there is a positive lower bound and an upper bound on the ex-ante expected
costs of mistakes of type I and II. Formally, the requirement is that there is a compact
set C in the interior of the positive orthant R2+ such that

(μiαi, (1− μi)βi) ∈ C ∀i ∈ N (4)

For each positive integer n, write qn (0) = kn (0) /n. In other words, qn (0) ∈ [0, 1]
is the share of signals 1 that the optimal decision rule requires for decision x = 1 to
be taken.

6A similar result was obtained in a different model context in Sah and Stiglitz (1988).
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Corollary 2. If condition (4) is met, then limn→∞ qn (0) = q∗, where

q∗ =
ln
³

p0
1−p1

´
ln
³

p0
1−p1

´
+ ln

³
p1
1−p0

´ . (5)

The reason why the asymptotically optimal collective decision rule is independent
of preferences and beliefs is, roughly, that for large committees the probability of a
mistaken collective decision is vanishingly small, while, for any committee size n, the
representative committee member’s cost ratio between the two types of mistake by
hypothesis is bounded away from both zero and plus infinity (uniformly in n). Hence,
asymptotically it does not matter what values the fictitious representative member’s
parameter, γn0 , take for each committee size n, as long as all these values stay above
some positive number and below another positive number; only the asymptotic mis-
take probability ratio matters (see appendix for a formal proof). When the signal
precisions are not identical, the latter ratio converges to zero or plus infinity. In the
knife-edge case of equal signal precisions, p0 = p1, the asymptotic probability ratio
is exactly one, and, by Corollary 2, majority rule is then asymptotically optimal,
qn (0)→ q∗ = 1/2, irrespective of individual preferences and beliefs, as long as these
are uniformly bounded.

Remark 2. If one of the two signals is more precise than the other, then the as-
ymptotically optimal decision rule requires a larger number of that signal: p1 > p0 ⇒
q∗ > 1/2. This follows from the observation that q∗ is decreasing in p0 and increasing
in p1. The intuition is that if the signal is more precise in state 1 than in state 0, say,
then observation of signal 1 is more likely to be erroneous than observation of signal
0. In that sense, signal 0 is more informative than signal 1.

We end this investigation of optimality by noting that the above results are in-
dependent of the potential heterogeneity, in terms of preferences and/or beliefs of
the committee (and this holds also asymptotically under the uniform boundedness
condition). All that matters is signal precision and the representative member’s
characteristic, γ0. However, as we will shortly see, heterogeneity matters a lot for
equilibrium voting behavior.

5. Classical voting rules
Suppose that the collective decision is to be taken according to some k-majority voting
rule in a committee with n members, where 1 ≤ k ≤ n. Under what conditions is
informative voting a Nash equilibrium? In this classic setting, each voter i simply
observes her private signal and then casts her vote, vi ∈ {0, 1}, simultaneously with
all other voters, and the collective decision is determined by k-majority rule. Hence,
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x = 1 results if at least k votes “1” have been cast, while otherwise the collective
decision x = 0 results. In Nash equilibrium, each voter by definition maximizes
his or her expected utility, conditional upon his or her private signal and all other
voters’ equilibrium strategies. Clearly, there is a plethora of (pure and mixed) Nash
equilibria whenever n ≥ 3. For example, to always vote 0 (or 1), independently of
one’s private signal, constitutes a Nash equilibrium.7 Under what conditions, if any,
does informative voting constitute a Nash equilibrium?

Theorem 3 [Equilibrium]. Let n ∈ N and k ∈ {1, ..., n}. Informative voting under
k-majority rule is a Nash equilibrium if and only if kn (i) = k for all i ∈ I.

A few remarks are in place. First, it follows immediately from Theorems 2 and 3
that if committee members have identical preferences, then the conditions for equi-
librium and optimality are the same:

Corollary 3. Let n ∈ N and k ∈ {1, ..., n}. Suppose that all individuals have the
same type (θi = (α, β, μ) ∀i ∈ I). Informative voting under k-majority rule is a Nash
equilibrium if and only if k-majority rule is optimal under informative voting.

This was first proved for the case of identical symmetric preferences and a common
prior (αi = βi = 1 and μi = μ ∀i ∈ I) by Austen-Smith and Banks (1996, Lemma
2).8 Secondly, by comparing the equilibrium condition with the optimality condition,
one immediately obtains that a necessary condition for informative voting to be a
Nash equilibrium is that the voting rule is optimal:

Corollary 4. Let n ∈ N. If k 6= kn (0), then informative voting under k-majority
rule is not a Nash equilibrium.

Thirdly, for n odd and equally precise signals, Theorem 3 implies that infor-
mative voting is a Nash equilibrium under majority rule if and only if the signal-
informativeness condition (2) holds for each committee member:

Corollary 5. Suppose that n is odd and p0 = p1 = p. Informative voting is a Nash
equilibrium under majority rule if and only if

1− p

p
≤ γi ≤

p

1− p
∀i ∈ I (6)

7For if others vote according to such a strategy, then my vote will never be pivotal and hence I
can just as well use the same uninformative voting strategy as the others.

8See Costinot and Kartik (2006) for more findings under the hypothesis of committee members
with identical preferences and a common prior.
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Figure 2: The threshold function for a committee with 5 members and different signal
precisions..

In other words, for a committee with an odd number of members and with equally
precise signals in the two states, informative voting is a Nash equilibrium if and only
if the signal is informative for every committee member. The intuition for this result
is simply that, with equally precise signals, a tie among an even number of other votes
does not affect the odds for one state over the other.9 See Figure 3 below, showing
the graph of the threshold function T5 for p0 = p1 = 2/3 (dotted), = 3/4 (solid) and
= 5/6 (dashed). We note that k5 (i) = 3 for γi-values in a wide range, containing
γi = 1, and that this interval is wider the higher is the signal precision. Hence, for a
wide range of preferences, all committee members agree about the number of signals
it takes for decision x = 1 to be better than decision x = 0.
We also conclude that, for a sequence of ever larger committees, each with an odd

number of members, the informative-voting hypothesis in Condorcet’s jury theorem is
non-binding under condition (6), in the sense that informative voting then is a Nash
equilibrium in each committee in the sequence. The situation is quite different for
committees with an even number of members. Then the committee will typically be
split in their opinion as to what decision rule is optimal. There will be a discontinuity
exactly at the bench-mark situation of a uniform common prior and equally costly
mistakes. This follows immediately from the definition of the threshold function:

Corollary 6. Suppose that n is even and p0 = p1. Then kn (i) ≤ n/2 + 1 for all
members i with γi < 1 and kn (j) ≥ n/2 for all members j with γj > 1.

9Then Pr [ω = 0 | T ∧ si = 0] = Pr [ω = 0 | si = 0] and likewise for ω = si = 1.
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Figure 3: The threshold function for a committee with 6 members and different signal
precisions.

In other words, if there is at least one member i with γi < 1 (a “dove”) and at
least one member j with γj > 1 (a “hawk”) then informative voting is not a Nash
equilibrium, for any k-majority rule. This phenomenon is illustrated in Figure 3
below, showing the graph of T6 for p0 = p1 = 2/3 (dotted), = 3/4 (solid) and = 5/6
(dashed). We note that k6 (i) = 4 for γi-values in a wide range below γi = 1, while
k6 (i) = 3 for γi-values in a wide range above γi = 1. These intervals meet exactly at
γi = 1 and are wider the higher is the signal precision. At the intermediate precision
level, p = 3/4, condition (6) requires that 1/3 < γi < 3 for all members i. Hence,
such a committee, with γi-values on both sides of 1, will disagree on the number
of signals it takes for decision x = 1; those with γi < 1 will have k6 (i) = 4 while
those with γi > 1 will have k6 (i) = 3, and hence informative voting is not a Nash
equilibrium under any k-majority rule.
In general, there is no reason to suppose that the signal precision should be state-

independent. Indeed, the arguably more realistic case is that it differs across states.
Suppose, thus, that p0 6= p1. Informative voting is then typically not a Nash equilib-
rium, not even if the signal is informative for all committee members:

Corollary 7. Let n ∈ N, k ∈ {1, ..., n} and p0 6= p1. Suppose that the signal-
informativeness condition (2) holds for all i ∈ I. Then all individual thresholds
belong to the same interval of length 1: Tn(γi) ∈ [nq∗, nq∗ + 1] ∀i ∈ I. Generically
(with respect to p0 and p1), there is a unique integer k∗ ∈ [nq∗, nq∗ + 1]. Then,
informative voting under k-majority rule is a Nash equilibrium if and only if k = k∗

and Tn(γi) ∈ [nq∗, k∗] ∀i ∈ I or Tn(γi) ∈ [k∗, nq∗ + 1] ∀i ∈ I.
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In order to interpret this result, for any integers k and n, let

πn (k) =

∙
(1− p0) (1− p1)

p0p1

¸k µ
p0

1− p1

¶n

.

It is not difficult to verify that Tn(γi) > k if and only if γi < πn (k). First, condition
(2) requires that all γi belong to the interval Γ = [(1− p0) /p1, p0/ (1− p1)]. Secondly,
note that, for generic parameter values, πn (k) ∈ Γ for exactly one integer k. Hence, if
the k in the statement is not this particular k, then the statement in the proposition
implies that informative voting is not a Nash equilibrium under k-majority rule.
Third, if the k in the statement is such that πn (k) ∈ Γ, then, generically, πn (k)
divides the interval Γ into two disjoint subintervals, each of positive length. In this
case, the claim in the proposition is that informative voting is an equilibrium if and
only if either all committee members are “doves” in the sense of having their γi
below the cutting point πn (k), or they are all “hawks” in the sense of having their γi
above πn (k). In essence, this proposition thus implies that in “typical” committees
– committees with non-optimal voting rules or with an optimal voting rule but with
at least one “dove” and one “hawk”, informative voting is not a Nash equilibrium.
The following example illustrates these incentive problems.

Example 1. Consider a three-member committee with signal precisions are p0 = 0.8
and p1 = 0.7. Suppose that all three members have the same uniform prior and
valuation of the mistake of type II: μi = 1/2 and βi = 1 for all i = 1, 2, 3. However,
they differ in how they value a mistake of type I: α1 = α2 = 1 but α3 = 2.05. In
other words, committee members 1 and 2 are “doves” while member 3 is a “hawk:”
γ1 = γ2 = 1 and γ3 = 2.05. The representative member has the characteristic γ0 =
4.05/3 = 1.35, and it is easily verified from Theorem 2 that majority rule is optimal if
all members always vote informatively: T3 (γ0) ≈ 1.18 and thus k3 (0) = 2. Moreover,
the signal informativeness condition (2) is met for all three committee members: we
have (1− p0) /p1 ≈ 0.29 and p0/ (1− p1) ≈ 2.67. Nevertheless, informative voting is
not a Nash equilibrium, since committee member 3, the “hawk,” needs only 1 positive
signal in order to be convinced that x = 1 is the right decision: T3 (γ3) ≈ 0.99 and
thus k3 (3) = 1. Hence, if this member expects that the others vote informatively,
then he will not vote 0 when his signal is 0.

Finally, consider majority rule in an a sequence of ever larger committees, with an
odd number n = 1, 3, 5, ... of members. For each n ∈ N , write m = (n+ 1) /2. The
necessary and sufficient condition for informative voting to be a Nash equilibrium –
that kn (i) = m for all i ∈ {1, ..., n} – can then be written as

1− p0
p1

∙
p0 (1− p0)

(1− p1) p1

¸m−1
≤ γi ≤

p0
1− p1

∙
p0 (1− p0)

(1− p1) p1

¸m−1
∀i ∈ {1, ..., n} (7)
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If p0 and p1 differ even the slightest, the factor in square brackets (appearing on
both sides of γi) is distinct from unity. Hence, as n tends to infinity, this factor
either converges to zero (if p0 > p1) or to plus infinity (if p0 < p1). Inevitably, for
arbitrary γi > 0, one of the two inequalities in (7) will be violated for all n sufficiently
large. This is a generalization of Theorem 1 in Austen-Smith and Banks (1996) (who
assumed a common prior and αi = βi = 1 ∀i ∈ N):

Corollary 8. Suppose that p0 6= p1. Under majority rule, and for any positive
sequence (γi)i∈N, there exists an integer n0 such that for all n ≥ n0, informative
voting is not a Nash equilibrium.

To see the reason why this result holds, suppose that state 0 is more likely to give
rise to signal value 0 than state 1 is likely to give rise to signal value 1, that is, p0 > p1.
In such a case, signal 0 is less informative than signal 1 in the sense that signal 0 is
more likely in state 1 than signal 1 is in state 0. If n is large, a tie among the others
is then quite a strong indication of state 1, even if a voter’s own signal is 0, since in
total there are just about as many signals 0 as signals 1, quite an unlikely event in
state 0. Hence, even if I, as a voter, would believe that all others vote informatively,
I should not; I should vote on alternative 1, irrespective of my own signal.

5.1. Multiplicity of equilibria. In general, there are lots of Nash equilibria un-
der many of the voting rules analyzed above. We here briefly discuss this matter
in the case of majority rule, for generic parameter values such that informative vot-
ing is a Nash equilibrium (see Theorem 3). Clearly, in a committee with at least
three members, for all to always vote on alternative 1 (0) constitutes a Nash equi-
librium, since no individual can then alone affect the outcome. Note, however, that
in such equilibria all voters are indifferent; any voting strategy is a best reply to
the others’ equilibrium strategies. This contrasts sharply with informative voting,
which, under the above hypothesis, is not only a Nash equilibrium but (generically)
a strict Nash equilibrium; each voter’s strategy is that voter’s unique best reply to
the others’ equilibrium strategies. Strict equilibria are well-known to have strong
robustness properties. The following example illustrates the possibility of partially
informative Nash equilibria, in which some voters randomize between informative and
non-informative voting, even when informative voting by all voters is another Nash
equilibrium.

Example 2. Consider a committee with three members, where both signals equally
precise, p0 = p1 = p, but where the members differ in their preferences and/or beliefs:
γ1 = 1/b, γ2 = 1 and γ3 = b, for some b > 1. Suppose, moreover, that p and b are such
that the signal informativenss condition (2) is met for all three committee members.
(This is the case, for example, if p = 0.8 and b = 2.) Since the two signals are equally



The Condorcet Jury Theorem and Heterogeneity 17

precise, informative voting is then a Nash equilibrium (see Corollary 1). Consider now
the possibility of an additional equilibrium, a mixed equilibrium in which (a) voter
1 votes informatively when receiving signal 0 and votes 1 with probability x when
receiving signal 1, (b) voter 2 votes informatively, and (c) voter 3 votes informatively
when receiving signal 1 and votes 0 with probability x when receiving signal 0. Does
there exist an x ∈ (0, 1) such that this strategy profile constitutes a Nash equilibrium?
The critical point is that x should render voter 1 indifferent when receiving signal
1 (by symmetry, voter 3 will then be indifferent when receiving signal 0. It is not
difficult to verify that this condition boils down to the following equation:

x =
1

2p− 1 ·
b− 1
b+ 1

(8)

For p = 4/5 and b = 2, for example, the signal informativeness condition is met for
all three committee members and we obtain x = 5/9 ≈ 0.555.

Note that the mixed equilibrium in the example is fragile: in order for members
1 and 3 to randomize, they need to expect the other to randomize with exactly
probability x – although each of them, in equilibrium, is indifferent.

5.2. Incomplete information. How robust are the above results to incomplete
information? Suppose that each committee member only knows her own type, the
number n of committee members, the voting rule fk, and the common signal pre-
cisions p0 and p1. In order to analyze such situations, let “nature” choose the type
vector θ = (θ1, ..., θn), where θi = (αi, βi, μi), according to some probability measure
η, and let each member i observe the draw of his or her type θi only. This draw of
types may but need not be statistically independent across individuals i and/or from
the draw of the state of nature, ω ∈ {0, 1}. Committee members may, but need not,
know η.
As for optimality: For any realization of the type vector θ, and let γ0 be defined

as before. Now this is a random variable, and so is the associated threshold, Tn (γ0).
Theorem 2 remains valid if the condition “k = k0” is replaced by the condition
“η assigns unit probability to the event T (γ0) ∈ (k − 1, k]. Thus, that result is
robust to a fairly large degree of incomplete information. Likewise, Corollary holds
if the inequality is replaced by the condition that the same inequality holds with
probability one under η. Corollary 2, finally, remains valid if the uniform boundedness
condition is replaced by the condition that η (C) = 1 and the statement is interpreted
stochastically; with probability one the sequence of optimal signal shares converges
to q∗.
As for equilibrium: Theorem 3 remains valid if the condition “ki = k for all

i ∈ I” is replaced by the condition “η assigns unit probability to the event that
Tn (γi) ∈ (k − 1, k] for all i ∈ I”.
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6. A two-stage voting procedure
Arguably, communication about private information before voting can poten-
tially improve the outcome. Coughlan (2000) considers the following two-stage voting
procedure: in stage one all voters simultaneously report their private signal, a zero
or a one, to a “center.” These reports may be truthful or false. The total counts of
reported zeros and ones in this “straw vote” stage are made public to all voters. In
stage two, there is simultaneous voting under k-majority rule, as described above, but
now with the total number of reports of each type being public information. Cough-
lan assumes equally precise signals (p0 = p1) and shows that truthful reporting is
compatible with sequential equilibrium if and only if the committee is sufficiently ho-
mogenous in terms of values/preferences. The “trouble” is that committee members
with extreme preferences may not report their true information in the straw vote. We
generalize this result, for all k-majority rules, to potentially state-dependent signal
precisions, p0 and p1, and heterogeneous beliefs μ1, ..., μn.
We still denote by si the signal received by member i. Let ti ∈ {0, 1} be the straw

vote of i, in stage one of this voting procedure, to be called i’s report. In the second
stage, the collective decision x is taken according to some voting rule, f ∈ F . The
vote cast by individual i at the second stage is, as before, denoted by vi. When deciding
which vote vi to cast, voter i will know her own private signal si and report ti as well
as the numberN of reports “tj = 1” given in the first stage. Hence, a pure strategy for
each committee member i is now a pair (Ti, σ̃i), where Ti : {0, 1} → {0, 1} assigns a
report ti = Ti (si) to each signal si received and σ̃i : {0, 1}2 × {0, 1, 2, ..., n}→ {0, 1}
assigns a vote vi = σ̃i (si, ti, N) to each signal si received, report ti delivered, and
observed count N =

Pn
j=1 tj. Let G denote this class of two-stage voting

procedures. In particular, for any positive integer k ≤ n, let gk ∈ G denote the
two-stage voting procedure, under which a simultaneous straw vote is followed by
simultaneous voting under k-majority rule, fk ∈ F . Without loss of generality,
suppose that γ1 ≥ γ2 ≥ ... ≥ γn. Then Tn(γ1) ≤ Tn(γ2) ≤ ... ≤ Tn(γn).

Theorem 4 [Straw vote]. For any k ∈ {1, ..., n}, truthful reporting in the straw vote
stage is part of a sequential equilibrium under the two-stage voting procedure gk ∈ G
if and only if kn (i) = kn (j) for all i, j ∈ I.

If we say that a committee is “relatively homogeneous” whenever kn (i) = kn (j) for
all i, j ∈ I, then the claim in the theorem can be expressed as follows: A necessary
and sufficient condition for truthful reporting in the straw vote to be compatible
with sequential equilibrium is that the committee is relatively homogeneous. If there
exists a positive integer k ≤ n such that Tn (γi) ∈ (k, k + 1) for all members i, then
kn (i) = k for all i ∈ I, so all members always agree, in the second stage, about what
is the right decision to take, under truthful reporting. To report truthfully is then



The Condorcet Jury Theorem and Heterogeneity 19

compatible with sequential equilibrium. By contrast, if there is no positive integer
k ≤ n such that Tn (γi) ∈ (k, k + 1) for all members i, then committee members will
sometimes disagree, in the second stage, about what it the right decision to take,
even under truthful reporting. To always report truthfully is then incompatible with
sequential equilibrium.
This result should be contrasted with Theorem 3. According to that result, it

is not enough that the committee be relatively homogeneous, it is also necessary
that the voting rule be optimal. For instance, consider a committee with n = 9
members who all agree that it takes 7 signals to prefer decision 1 (T9 (γi) = 7 for
all i ∈ I). If they use majority rule, k = 5, in the second stage, then, according to
theorem 7, informative voting in a direct vote, without a straw-vote stage, is not an
equilibrium, but, according to theorem 4, truthful reporting in the straw vote is part
of a sequential equilibrium. In other words, even if the voting rule in the second stage
is not optimal, truthful reporting in the first stage is nevertheless compatible with
sequential equilibrium if all members have sufficiently similar preferences and beliefs,
in the sense that they agree about the number of signals 1 it takes for decision x = 1
to better than decision x = 0.
This result, for the special case p0 = p1, was first established by Coughlan (2000),

who considers various majoritarian voting rules gk.

Example 3. Re-consider Example 1, where n = 3, q0 = 0.8, q1 = 0.7, μi = 0.5,
βi = 1 for i = 1, 2, 3, and α1 = α2 = 1 and α3 = 2.05. We saw that the optimal
voting rule under informative voting was simple majority: k3 (0) = 2, but we also saw
that informative voting was not a Nash equilibrium. Would a straw vote help? No,
because the “hawk” – committee member 3 – needs only one signals 1 in order to
prefer decision x = 1, while the two others need 2 signals 1. There is no sequential
equilibrium, under straw vote, in which the “hawk,” committee member 3, reports
the signal 0 truthfully in the straw vote.

7. A randomized voting rule
We here define and analyze a class of randomized one-stage voting rules under which
informative voting is the unique Nash equilibrium, irrespective of whether the com-
mittee is relatively homogeneous or not, and we show that, for suitably chosen se-
quences of such rules, the asymptotic efficiency claim in Condorcet’s theorem holds
for the associated sequence of unique equilibria.
Consider first randomized voting rules according to which all n members of the

committee simultaneously cast their votes, whereafter a random sample of size r ≤ n
of these votes is drawn and the collective decision is determined by application of
some k-majority rule to this random sample, where 1 ≤ k ≤ r. Clearly such
voting rules belong to the class F . Moreover, if each vote i has a fixed positive
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probability of being sampled, say ρi, and the sample size r is small enough, then
informative voting will be a Nash equilibrium under such a randomized voting
rule. More precisely, let r ≤ n be a positive integer such that, for all subsets S ⊂ I
of size r (where I = {1, ..., n} is the set of voters):

kr (i) = kr (j) ∀i, j ∈ S. (9)

Such an integer clearly exists, since this condition is trivially satisfied for r = 1. In
that special case, it is as if each vote has a fixed and positive probability of single-
handedly determining the collective decision, and hence each voter then has a strict
incentive to vote informatively. Note also that, for any integer r satisfying condition
(9), the random voting rule is anonymous (or symmetric) if ρi = 1/n for all i ∈ I;
then all votes are treated equally.
From Theorem 3 we immediately obtain: //Slightly changed formulation://

Corollary 9. Let f ∈ F be a randomized voting rule as specified above, for some
positive integer r ≤ n such that (9) holds for all subsets S ⊂ I of size r. Then
informative voting is a Nash equilibrium.

An evident drawback of such randomized voting rules is that they do not aggre-
gate the private information held by the collective of voters in an efficient way when
n is large and r is small. In particular, the collective decision, applied to ever larger
committees but with a fixed sample size r, will remain bounded away from full in-
formational efficiency in the limit as n → ∞. However, there is a straight-forward
remedy: combine such a randomized voting rule with a classical voting rule. We
here develop and analyze this approach for the special case of r = 1 combined with
classical majority rule, for n odd.10

For any ε ∈ [0, 1], let fε be the voting rule according to which all votes are cast
simultaneously, and then, with probability 1−ε, the collective decision is determined
by majority rule, applied to all n votes, while with the complementary probability,
ε, the collective decision is determined by a randomly sampled single vote, with
equal probability for each vote to be so drawn: ρi = 1/n for all i ∈ I. Hence, for
an individual voter, the probability is ε/n that his or her vote will be selected to
single-handedly determine the collective decision. Similar randomized mechanisms
have been used in the literature on virtual implementation, see Abreu and Morishima
(1992) and Glazer and Rubinstein (1998).11

The question that we will now attack is whether ε can be reduced towards zero,
as the committee size n grows towards infinity, in such a way that the incentive for

10Generalizations to arbitrary n ∈ N, any r ≥ 1 satisfying (9), and any k-majority rule with
1 ≤ k ≤ n, appear conceptually straight-forward but notationally prohibitive.
11However, we have so far not seen any analysis of the randomized voting rule proposed here.
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informative voting remains. This may appear impossible, since the probability for
equally many “heads” as “tails” among n statistically independent throws of a fair
coin approaches zero at a rate proportional to 1/

√
n, suggesting that the probability

for a tie under majority rule may tend slower to zero than the probability weight, 1/n,
placed on “my” vote in a random draw of the votes. It thus seems that the incentive
effect from the randomization might be too weak to overcome the disincentive effect
against informative voting under majority rule.12 However, we will proceed to show
that this is not the case.
Clearly informative voting is a (strict) Nash equilibrium under f1, that is, when

ε = 1, since then i’s vote either determines the outcome, x = vi, and this happens
with positive probability, 1/n, or else i’s vote does not affect the outcome at all.
By continuity, informative voting is still a (strict) Nash equilibrium under fε for
all ε ≤ 1 sufficiently close to 1. However, as the following example shows, even if
the probability ε is large enough to make informative voting a strict equilibrium,
there may also exist other, less informative, equilibria. This constitutes an additional
difficulty to overcome.

Example 4. Consider a committee with three members, with a uniform common
prior, μ = 1/2, equally precise signals, p0 = p1 = p, distinct values, γ1 = 1/c,
γ2 = 1 and γ3 = c for some c > 1, such that the signal-informativness condition
(2) is met for all committee members. The number n being odd and the signals
being equally precise, majority rule is optimal, sincere voting under majority rule is a
Nash equilibrium, and the committee is relatively homogeneous (Proposition 3). Let
ε ∈ [0, 1] and consider the associated randomized majority rule fε. Since informative
voting is an equilibrium for ε = 0 and an increase in ε enhances all voters’ incentive
for informative voting, such voting is an equilibrium for all ε ∈ [0, 1]. However, for
small ε there also exists a mixed equilibrium in which (a) voter 1 votes informatively
for sure when receiving signal 0, but only with probability x ∈ (0, 1) when receiving
signal 1, (b) voter 2 always votes informatively, and (c) voter 3 votes informatively
for sure when receiving signal 1, but only with probability y ∈ (0, 1) when receiving
signal 0. In other words, the two “extreme” voters randomize when they obtain an
“unfavorable” signal. The probability x makes voter 3 indifferent when receiving
signal 0, and the probability y makes voter 1 indifferent when receiving signal 1. It
is not difficult to verify that these indifference conditions amount to the following
requirements:

x =
3 (1− ε) (c− 1) p (1− p)− ε [(c+ 1) p− c]

3 (1− ε) (c+ 1) (2p− 1) (1− p) p

y =
3 (1− ε) (c− 1) p (1− p)− ε [(c+ 1) p− 1]

3 (1− ε) (c+ 1) (2p− 1) (1− p) p

12We are grateful to Sergiu Hart for raising this point.
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For instance, for c = 2, p = 0.7 and ε = 0.2, x ≈ 0.80 and y ≈ 0.47. We note that
x, y ∈ (0, 1) if and only if

ε <
3 (c− 1) p (1− p)

3 (c− 1) p (1− p) + (c+ 1) p− 1 ,

where the quantity on the right-hand side is positive but less than 1.

Before proceeding to our main result, we investigate the conditions under which
informative voting is a Nash equilibrium, under any voting rule fε with ε ∈ [0, 1] and
n = 2t+1 for some t ∈ N . Suppose that committee member i has received the signal
si = 0. Under the hypothesis that all others vote sincerely, denote by ∆u0i (ε) the
difference in expected utility, for member i, from casting the informative vote vi = 0
rather than the vote vi = 1. This voter will become the “ex-post dictator” with
probability ε/n. If instead another vote is sampled, then i’s vote has no consequence.
It follows from the proof of Theorem 3 (see appendix) that:

∆u0i (ε) = B0
i (t) +

£
A0i (t)−B0

i (t)
¤
ε, (10)

where

A0i (t) =
1

2t+ 1
· (1− μi)βip0 − μiαi (1− p1)

(1− μi) p0 + μi (1− p1)
(11)

and

B0
i (t) =

µ
2t

t

¶
· (1− μi)βip

t+1
0 (1− p0)

t βi − μiαip
t
1 (1− p1)

t+1

(1− μi) p0 + μi (1− p1)
(12)

The first factor, A0i (t), is the probability that i’s vote will be randomly sampled,
multiplied with the conditionally expected utility difference (from informative as op-
posed to uninformative voting) when this happens. This is positive if and only if
γi < p0/ (1− p1). The corresponding inequality for signal 1, A1i (t) > 0, is met if
and only if γi > (1− p0) /p1. Hence, both inequalities are met under the signal-
informativeness condition (2); then A0i (t) , A

0
i (t) > 0 for all committee members i

and all committee sizes n = 2t+1. Moreover, A0i (t) and A
0
i (t)decrease with commit-

tee size n at the rate 1/n. The second factor, B0
i (t), is the probability that majority

rule will be applied to all n votes, multiplied with the conditional utility difference
(between informative and uninformative voting) when this happens. Clearly, B0

i (t)
may be negative, zero or positive, depending on the parameter values. However, for
ε fixed, it is not difficult to show that B0

i (t) tends to zero as t tends to infinity.
This is not surprising, since the probability for a tie among 2t voters in any one of
the two states, converges to zero, and the expected utility difference is bounded. It
remains to show that this convergence is faster that 1/n, the rate at which the first
term diminishes. It follows from the observations made about coin tossing that if
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Figure 4: The minimal epsilon needed for informative voting.

both signals would be uninformative ( p0 = p1 = 1/2), then B0
i (t) would tend to zero

slower than A0i (t) and the randomization would not help. However, for the case of
informative signals (p0, p1 > 1/2), one can show that B0

i (t) in fact tends to zero at an
exponential rate – hence faster than A0i (t), and likewise for B

1
i (t) and A1i (t). This

implies that ε > 0 can be made arbitrarily small when t is sufficiently large. More
precisely, there exists a decreasing sequence (εt)t∈N such that ∆u0i (ε) ,∆u1i (ε) > 0
for each t ∈ N and yet εt → 0 as t → ∞. The incentive for voting informatively is
then strict for all committee members, so informative voting is a strict equilibrium
for each t ∈ N.
The diagram below shows how large ε ∈ [0, 1] needs to be to keep both∆u0i (ε) and

∆u1i (ε) positive for different values of t, in the special case when p0 = 0.8, p1 = 0.7,
and αi = βi = μi = 1/2 for all i. Since p0 > p1, we have ∆u1i (ε) > 0 for all ε ∈ [0, 1]
while ∆u0i (ε) > 0 precisely for those (t, ε) that lie above the graph in the diagram,
which has t on the horizontal and ε on its vertical axis. We see that a positive ε is
required for all t ≥ 3 (n ≥ 7). The maximal ε-value required, for any t, is about 0.26
and this occurs when t is about 8 (n = 17). However, as the committee size grows
above that point, the required ε-values decrease to zero.
As we saw in the example above, there may also exist other Nash equilibria,

alongside the informative equilibrium. However, one can show that if εt is not reduced
too fast as t increases, then the strict and informative equilibrium can in fact be made
unique; no other Nash equilibrium, neither pure nor mixed, then exists for any t. In
the appendix we prove these claims under the uniform boundedness condition (4) and
the further conditions that the signal-informativeness condition is met with a uniform
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bound, in the sense that there exits a λ > 1 such that for all i ∈ N :

λ
1− p0
p1

≤ γi ≤
1

λ
· p0
1− p1

(13)

Theorem 5 [Randomized voting rule]. Consider a sequence of committees of sizes
n = 2t + 1, for t ∈ N. Suppose that conditions (4) and (13) are met. There exist a
sequence of positive ε̄t → 0 such that, for each t and voting rule fε ∈ F with ε ≥ ε̄t:
(i) informative voting is a strict Nash equilibrium
(ii) there exists no other Nash equilibrium.

It follows from Theorem 5 that the claim in Condorcet’s jury theorem is valid for
sequences of randomized majority rules of the type described above. More precisely,
let (ε̄t)t∈N be a sequence as specified in Theorem 5. For each t ∈ N, let εt ≥ ε̄t
and εt → 0. The associated sequence of randomized voting rules, hfεtit∈N, is then
asymptotically efficient:

Corollary 10. Suppose that (4) and (13) hold. Let Xt ∈ {0, 1} be the committee
decision for a committee of size 2t+1 under the above described voting rule fεt ∈ F .
Then

lim
t→∞

Pr [Xt 6= ω] = 0

Although informative voting is a strict and unique Nash equilibrium for all t under
the hypotheses of the theorem, informative voting is not a dominant strategy for all
t and ε ≥ ε̄t. We show this in five steps. First, for any voter type θ = (α, β, μ), let
k∗ (θ) be the minimal k ∈ N such that the conditional expected utility to a committee
member of type θ from decision x = 1 is higher than from decision x = 0, conditional
upon k signals 1 and 1 signal 0. Let k∗ = max(α,β)∈Θ k∗ (θ). Since C is compact with
positive lower bounds, k∗ ∈ N. Second, fix k ≥ k∗ and, consider committees of odd
sizes n = 2t + 1, such that t > k. For each n, consider any committee member i
and let σ̃n,k−i be the following strategy combination for the others: t of them always
vote 0, t − k always vote 1, and the remaining k voters vote informatively. Third,
according to the voting rule fε, a committee member’s vote is randomly selected to
be decisive with probability ε/n and it is pivotal with probability (1− ε) ·pi, where pi
is the probability for a tie among the other 2t votes. Under σ̃n,k−i , pi is the probability
that the k sincere voters, those who plan to vote informatively, all receive signal 1, a
probability that depends on k but not on n (as long as t > k). Under σ̃n,k−i , i being
pivotal is thus a strong indication that the state of nature is ω = 1, so strong that
the conditionally expected utility, given that i is pivotal, is maximized when i votes 1
irrespective of his or her own signal. Fourth, by continuity there exists an ε̃t > 0 such
that, against σ̃n,k−i , always voting 1 is a better reply for i than voting informatively,
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for all ε ∈ (0, ε̃t). Moreover, ε̃t is increasing in t. Fifth, and finally: there exists a
t∗ ∈ N such that ε̄t < ε̃t for all t ≥ t∗. For each ε ∈ (ε̄t, ε̃t), voting on alternative
1 irrespective of i’s signal is a better reply for i, against σ̃n,k−i , than sincere voting.
Hence, for such n and ε, sincere voting is not a dominant strategy or voter i under
fε.
We conclude by noting that claim (i) in Theorem 5 holds, mutatis mutandis,

also under incomplete information. For each committee size n (odd), let “nature”
first draw the type vector θ according to some probability measure νn such that
h(μiαi, (1− μi)βi)ini=1 ∈ Cn, and such that, for some λ < 1, inequality (13) holds
with probability one. After this, each committee member i gets to know his or
her own type θi only, receives his or her private signal si ∈ {0, 1} and has to give
his or her vote vi ∈ {0, 1}. Other committee members’ values are irrelevant for a
committee member’s voting decision when all others vote informatively. In order to
know the expected utility associated with each of i’s four pure local strategies, given
her value pair, i only needs to know everybody’s signal precisions (which are taken
to be commonly known and the same for all committee members).

8. Conclusion
The above analysis is restricted to a committee of equally “competent” members who
receive private information of exogenously fixed precision and face a binary collective
decision problem with no possibility of abstention. Despite these heroic simplifica-
tions, we believe that the qualitative conclusions hold more generally. First, suppose
that the committee members are unequally “competent” in the sense that some mem-
bers receive more precise signals than others. If the competence differences are known
by all members, then weighted majoritarian rules, whereby more competent voters are
given higher weights than less competent ones, may be superior the k-majority rules
studied here. For a survey of results of this sort, see Grofman, Owen and Feld (1983),
Owen, Grofman and Feld (1989) and Ben-Yashar and Milchtaich (2007). Under the
usual majority rule, but with differing competence among the committee members,
what can be said about equilibrium voting? Two main cases appear relevant for such
a consideration. In the first case, each member i has precision parameters pi0, p

i
1 > 1/2

and these are known by all committee members. In the second case, each member i
has precision parameters pi0, p

i
1 > 1/2 but these are know only by member i himself.

13

Let us briefly re-consider the statement and proof of Theorem 3. The quantities πn (k)
have to be re-defined and will, in general, also depend on i. More precisely, each such
quantity πi,n (k) will no longer be a simple product of two factors raised to powers k
and n, but will be a complex multinomial sum; instead of just counting the number
of signals of each type, one has to keep track of which signal was received by which

13Visser and Swank (2007) assume that committee members do not even know their own compe-
tence.
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member, and consider all permutations. With so defined quantities πi,n (k) in condi-
tion (3), the claim of Theorem 3 would remain true, and the quantities πi,n (k) would
be continuous in the parameter vector h(p10, p11) , ..., (pn0 , pn1)i. Hence, Theorem 3 would
be approximately correct for approximately equally competent committee members.
Similar considerations apply to other equilibrium results. The second case, that of
incomplete information concerning competence, appears to be particularly interesting
for analyses of the incentive effects of transparency – that is, ex post revelation of
individual votes. For studies of such settings, see Visser and Swank (2007), Gersbach
and Hahn (2008), Swank, Visser and Swank (2008) and Hahn (2008).
A second direction for generalization, which would be valuable and challenging to

explore, concerns the binary nature of both signals and choices. What can be said
if the choice is binary but there are more than two signal values, perhaps just three,
or a whole continuum? What if there are more than two choice alternatives? New
results have recently been obtained for more general collective decision problems of
this sort, see McLennan (2007).
A third direction would be to analyze equilibrium outcomes if abstention is an

option and/or the number of voters is unknown by the voters. Such aspects may be
less relevant for some committees but may play a major role in other committees and
certainly in general elections. Krishna and Morgan (2007) undertake an investigation
of precisely these two aspects, in a setting where the number of voters is a Poisson
distributed random variable and each voter draws a random cost for casting a vote.
Each voter only observes his or her own signal and voting cost. Krishna and Morgan
assume that the voters are ex-ante identical, that the two states of nature are equally
likely and that the two signals are equally precise. They show that sincere voting
then is the unique Nash equilibrium under super-majority rules when the expected
number of voters is large. Moreover, equilibrium participation rates are such that the
outcome is asymptotically efficient. While their model thus is cast more in the mold
of general elections, it would be interesting to explore whether (strategic) abstention,
allowed for in their framework, can be introduced in our framework for a committee
of fixed and know size, and whether the kind of preference heterogeneity that we
here permit can be introduced into their framework. Here, we only note that sincere
voting under our randomized majority rule will remain a strict Nash equilibrium also
when abstention is allowed. However, our uniqueness claim may then fail.
A fourth avenue for future work would be to endogenize voters’ signal precision.

Before a committee meets, individual members usually make (typically unobserved)
efforts to study the question at hand, so that they will be well informed at the
meeting. However, as is well-known both by practitioners and theorists, this gives rise
to a free-rider problem, whereby committee members tend to under-invest and arrive
at the meeting less informed than what would be collectively desirable. For recent
analyses of this moral hazard phenomenon in various models, see Mukhopadhaya
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(2003), Persico (2004), Gerardi and Yariv (2008) and Koriyama and Szentes (2007).
Finally, it would be useful to test the robustness of the conclusions to perturbations

of committee members’ objectives in empirically plausible directions, such as a (slight)
preference for voting according to one’s conviction (that is, voting sincerely). Of
interest is also to analyze situations in which committee members to some extent
care about others’ esteem of their “competence” (signal precision), partially revealed
by their voting, in case individual votes and the true state becomes publicly known
ex post.

9. Appendix
We here provide mathematical proofs of claims not proved in the main text. For
arbitrary integers n and k, let

πn (k) =

∙
(1− p0) (1− p1)

p0p1

¸kµ
p0

1− p1

¶n

and note that the factor in square brackets is less than 1 while the factor in round
brackets exceeds 1. Hence, πn (k) is strictly decreasing in k and strictly increasing in
n. It is easily verified that:

Tn(γ) < k ⇐⇒ πn(k) < γ.

9.1. Theorem 1. One can prove this result by an application of the Central Limit
Theorem (see, for example, Theorem 27.1 in Billingsley, 1995). A more direct proof,
closer to Condorcet’s original proof, runs as follows. Suppose first that ω = 0. The
probability that voter i votes vi = si = 1, when voting informatively, is p0 = 1−p0 <
1/2. Denote by Sn the random variable

Pn
i=1 si conditional on ω = 0. Under majority

rule, the probability of a wrong decision in this state, in a committee of size n, is
thus Pr [Xn = 1 | ω = 0] ≤ Pr [Sn ≥ n/2] . The average of Sn is np0 and its variance
is np0p0. For any δ > 0:

np0p0 =
nX
t=0

(t− np0)
2 Pr [Sn = t] >

X
n(p0+δ)<t≤n

(t− np0)
2 Pr [Sn = t]

≥
X

n(p0+δ)<t≤n

n2δ2 Pr [Sn = t] = n2δ2 Pr [Sn > n (p0 + δ)]

Take δ such that p0 + δ < 1/2, then:

Pr
h
Sn ≥

n

2

i
≤ Pr [Sn > n (p0 + δ)] ≤ p0p0

nδ2

tends to 0 when n tends to infinity. The same argument applies to the state ω = 1,
and the result follows from the identity

Pr [Xn (ω) 6= ω] = Pr [Xn = 1 | ω = 0] · Pr [ω = 0] + Pr [Xn = 0 | ω = 1] · Pr [ω = 1] .
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9.2. Lemma 2. To see this, first note that existence follows from the finiteness
of the set of alternatives, D. Secondly, suppose that d∗ ∈ D∗. Since all signals
have the same precision, there exists some symmetric function d ∈ D such that
W (d) = W (d∗). Then d (s1, ..., sn) is a function h : {0, 1, ..., n} → {0, 1} of the
signal sum: d (s) ≡ h (

P
si). Clearly d ∈ D∗, which implies that h is increasing.

For if h (k) = 1 then also h (k + 1) = 1 since by assumption p0, p1 > 1/2. Since h is
increasing, d is a k-majority rule for some k ∈ {0, 1, ..., n, n+ 1}.

9.3. Theorem 2. Let N1 be the (random) number of signals 1 received, let U0 =Pn
i=1 (1− μi)u

i
00 and U1 =

Pn
i=1 μiu

i
11. Then

W
¡
fk
¢
= U0 + U1 −

X
i

μiαi Pr [N1 < k | ω = 1]−
X
i

(1− μi)βi Pr [N1 > k | ω = 0]

Hence,

W
¡
fk+1

¢
−W

¡
fk
¢
= β0 Pr [N1 = k | ω = 0]− α0 Pr [N1 = k | ω = 1]

and thus

W
¡
fk+1

¢
≤W

¡
fk
¢
⇐⇒ γ0 ≥

Pr [N1 = k | ω = 0]
Pr [N1 = k | ω = 1]

⇐⇒ γ0 ≥
(1− p0)

k pn−k0

pk1 (1− p1)
n−k = πn (k)

Likewise:

W
¡
fk−1

¢
≤W

¡
fk
¢
⇐⇒ γ0 ≤

Pr [N1 = k − 1 | ω = 0]
Pr [N1 = k − 1 | ω = 1]

⇐⇒ γ0 ≤
(1− p0)

k−1 pn−k+10

pk−11 (1− p1)
n−k+1 = πn (k − 1)

Since πn (k) is decreasing in k: W
¡
fk
¢
≥W

¡
fh
¢
for all h = k+1, k+2, ..., n+1 iff

γ0 ≥ πn (k). Likewise, W
¡
fk
¢
≥W

¡
fh
¢
for all h = k− 1, k− 2, ..., 1, 0 if and only if

γ0 ≤ πn (k − 1). Hence, as k increases from 0 to n+ 1, W
¡
fk
¢
reaches its maximum

value either at a unique k, or (non-generically) at two adjacent values, k − 1 and k.
In the generic case, k is characterized by the two-sided inequality

πn (k) < γ0 < πn (k − 1) . (14)

In other words, k0 is then the smallest integer k such that πn (k) ≤ γ0, or, equivalently,
such that k ≥ Tn(γ0).
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9.4. Corollary 2. Condition (14) is equivalent with∙
(1− p0) (1− p1)

p0p1

¸kµ
p0

1− p1

¶n

≤ γ0 ≤
∙
(1− p0) (1− p1)

p0p1

¸k µ
p1

1− p0

¶µ
p0

1− p1

¶n+1

or µ
p0

1− p1

¶n

≤ γ0 ·
∙

p0p1
(1− p0) (1− p1)

¸k
≤
µ

p1
1− p0

¶µ
p0

1− p1

¶n+1

Taking logarithms and dividing through with n, we obtain

ln

µ
p0

1− p1

¶
≤ 1

n
ln γ0 +

k

n
ln

∙
p0p1

(1− p0) (1− p1)

¸
≤ 1

n
ln

µ
p1

1− p0

¶
+

µ
1 +

1

n

¶
ln

µ
p0

1− p1

¶
As n → ∞, the upper bound converges to the lower bound, ln

³
p0
1−p1

´
, and 1

n
ln γ0

tends to zero since, in force of the boundedness condition (4). This establishes the
claim.

9.5. Theorem 3. For any n, k ∈ N such that 1 ≤ k ≤ n, consider voter i and
denote by T the event of a tie among the others, that is, that exactly k−1 of the other
voters receive the signal 1 and exactly n− k receive the signal 0. First, suppose that
i has received the signal si = 0. Should i then vote on alternative 0? The probability
for the joint event that si = 0 and that there is a tie among the others, conditional
on the state ω = 0, is:

Pr [T ∧ si = 0 | ω = 0] =
µ
n− 1
k − 1

¶
pn−k+10 (1− p0)

k−1

Likewise, conditional on the state ω = 1, we have:

Pr [T ∧ si = 0 | ω = 1] =
µ
n− 1
k − 1

¶
pk−11 (1− p1)

n−k+1

Therefore, according to i’s prior μi, the probability for the joint event that i receives
the signal 0 and there is a tie among the others is:

Pr [T ∧ si = 0] =

µ
n− 1
k − 1

¶h
(1− μi) p

n−k+1
0 (1− p0)

k−1 + μip
k−1
1 (1− p1)

n−k+1
i

Since i’s (subjective) probability for receiving the signal 0 is (1− μi) p0+μi (1− p1),
committee member i attaches the following conditional probability of a tie among the
others:

P0(k) = Pr [T | si = 0] =
µ
n− 1
k − 1

¶
(1− μi) p

n−k
0 (1− p0)

k−1 + μip
k−1
1 (1− p1)

n−k

(1− μi) p0 + μi (1− p1)



The Condorcet Jury Theorem and Heterogeneity 30

We are now in position to compute the difference in expected utility, for voter i,
between casting the informative vote vi = 0 instead of the uninformative vote vi = 1,
when si = 0:

∆ui = E [ui | si = vi = 0]− E [ui | si = 0 ∧ vi = 1]

Because i’s vote affects the collective decision x only in the event T , we have

∆ui = P0(k) · (E [ui | T ∧ si = vi = 0]− E [ui | T ∧ si = 0 ∧ vi = 1])

where

E [ui | T ∧ si = vi = 0] = νi − αi Pr [ω = 1 | T ∧ si = 0]

= νi − αi (1− Pr [ω = 0 | T ∧ si = 0])

E [ui | T ∧ si = 0 ∧ vi = 1] = νi − βi Pr [ω = 0 | T ∧ si = 0]

and νi is the conditionally expected utility of taking the right decision, x = ω,
conditional on the event T ∧ si = 0.14 Hence:

∆ui = P0(k) · [(αi + βi) Pr [ω = 0 | T ∧ si = 0]− αi]

so
∆ui ≥ 0 ⇔ Pr [ω = 0 | T ∧ si = 0] ≥

αi

αi + βi

By Bayes’ law (factorials cancel!):

Pr [ω = 0 | T ∧ si = 0] =
(1− μi) Pr [T ∧ si = 0 | ω = 0]

Pr [T ∧ si = 0]

=
(1− μi) p

n−k+1
0 (1− p0)

k−1

(1− μi) p
n−k+1
0 (1− p0)

k−1 + μip
k−1
1 (1− p1)

n−k+1

Hence:

∆ui ≥ 0 ⇔ (1− μi)βip
n−k+1
0 (1− p0)

k−1 ≥ μiαip
k−1
1 (1− p1)

n−k+1

which can be written as

γi ≤
µ
1− p0
p1

¶k−1µ
p0

1− p1

¶n−k+1
= πn (k − 1) (15)

14

νi = ui00 Pr [ω = 0 | T ∧ si = 0] + ui11 Pr [ω = 1 | T ∧ si = 0]
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Hence, if i expect all others to vote informatively, informative voting on alternative
0 (that is, to chose vi = 0 when si = 0) is optimal for i iff γi ≤ πn (k − 1) or,
equivalently, iff k − 1 ≤ Tn(γi).
Suppose instead that i has received the signal si = 1. By the same logic, if i

expect all others to vote informatively, informative voting is optimal for i iff

γi ≥
µ
1− p0
p1

¶k µ
p0

1− p1

¶n−k
= πn (k) (16)

or, equivalently, iff Tn(γi) ≤ k. The result follows from the definition of ki.

9.6. Corollary 5. Suppose that p0 = p1 = p and n is odd. For any γ > 0 we
then have

Tn (γ) =
n

2
− 1
2
· ln γ

ln [p/ (1− p)]

Now kn (i) = m = n/2 + 1 iff n/2− 1/2 < Tn (γi) ≤ n/2 + 1/2, or equivalently, iff

−1 ≤ ln γ

ln [p/ (1− p)]
< 1

a condition that is equivalent with (6).

9.7. Corollary 7. We prove the proposition by establishing three claims.

Claim I: If informative voting is an equilibrium under some fk, then
fk ∈ D∗.

To establish this claim, suppose that informative voting is an equilibrium under
fk, where 1 ≤ k ≤ n. By Theorem 3, πn (k) ≤ γi ≤ πn (k − 1) for all i. Hence,

(1− μi)βiπn (k) ≤ μiαi ≤ (1− μi)βiπn (k − 1) ∀i

so, by summation, also β0πn (k) ≤ α0 ≤ β0πn (k − 1), or, equivalently, πn (k) ≤ γ0 ≤
πn (k − 1). Thus, by Theorem 2, fk ∈ D∗.

Claim II: If the committee is homogeneous and fk ∈ D∗, then informative
voting is an equilibrium under fk.

To establish this claim, suppose that the committee is homogeneous and that fk ∈
D∗. Then β0πn (k) ≤ α0 ≤ β0πn (k − 1) by Theorem 2. Moreover, by homogeneity,
there exists a positive integer t such that t− 1 ≤ Tn (γi) < t for all i. Hence,∙

p0
1− p1

¸n−t ∙
1− p0
p1

¸t
< γi ≤

∙
p0

1− p1

¸n−t−1 ∙
1− p0
p1

¸t−1
∀i (17)
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Equivalently: πn (t) < γi ≤ πn (t− 1) for all i. For generic parameter values,
this implies that t = k, so sincere voting is an equilibrium under fk, by Theorem 3.
Claim III: If informative voting is an equilibrium under some fk, then the com-

mittee is homogeneous.
To establish this claim, suppose again that informative voting is an equilibrium

under fk, where 1 ≤ k ≤ n. By Theorem 3, πn (k) ≤ γi ≤ πn (k − 1) for all i. For
generic parameter values, both inequalities are strict for all i, and hence, by the same
calculation as above, k − 1 < Tn (γi) < k for all i, implying that Tn (γi) = k for all i,
and hence the committee is homogeneous.

9.8. Theorem 4. [Old proof to be written in the new notation.]

9.9. Theorem 5.

Claim (i). Write n = 2t + 1. To see that sincere voting under f ε is a strict
Nash equilibrium, first note that ∆ui (ε) > 0 if and only if

ε

1− ε
>
2t+ 1

Bi
·
µ
2t

t

¶£
αiμiq

t
1 (1− q1)

t+1 − βi (1− μi) q
t+1
0 (1− q0)

t¤ (18)

where the factor Bi = βi (1− μi) q0 − αiμi (1− q1) is positive by (2). By Stirling’s
formula, µ

2t

t

¶
=
(2t)!

(t!)2
=

4t√
πt
(1 + o(t))

so the right-hand side of (18) is approximated by

(1 + o(t)) · (2t+ 1)4
t

Bi

√
πt

·
£
αiμiq

t
1 (1− q1)

t+1 − βi (1− μi) q
t+1
0 (1− q0)

t¤
≤ (1 + o(t)) · 2αiμi (1− q1)

Bi

√
π

[4q1(1− q1)]
t
√
t ≤ (1 + o(t)) · Ci

Bi
· at
√
t

where Ci = 2αiμi (1− q1) /
√
π and a = 4q1(1− q1) < 1. Hence, (18) is met if

ε

1− ε
>

Ci

Bi
(1 + o(t))at

√
t

A sufficient condition for this to hold is that

ε >
Ci

Bi
(1 + o(t))at

√
t (19)
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The preference boundedness condition (4), together with condition (13), implies that
Ci/Bi is uniformly bounded: there exists a D ∈ R such that Ci/Bi < D for all i.15

Let ε = bt with a < b < 1. Then ε→ 0 as t→ +∞. Moreover, sinceµ
b

a

¶t
1√
t
→ +∞ as t→∞,

(19) holds for all t large enough, irrespective of how large D is.
The same reasoning applies to the expected utility upon receiving the signal si = 1.

This proves claim (i) for ε = bt, for any b such that

max{4q0(1− q0), 4q1(1− q1)} < b < 1

where we note that lower bound indeed is less than 1 since q0, q1 > 1/2.

Claim (ii). We consider voter strategies σi : {0, 1}→ [0, 1], for i = 1, ..., n, that
map voter i0s signal si to a probability σi (si) for i voting on alternative 1 (and voting
on alternative 0 with the complementary probability, 1−σi (si)). Sincere voting thus
is the strategy σi(si) ≡ si.
Consider first a voter i who has received signal si = 0. Denote by Ti the event of

a tie among all other votes. Such a tie may arise by chance, even for given signals, if
other voters randomize their votes. However, since signals, and hence also votes, are
statistically independent, conditionally upon the state ω, we have, under any strategy
profile (σ1, ..., σn):

Pr [Ti ∧ si = 0 | ω] = Pr [Ti | ω] · Pr [si = 0 | ω]

for each ω ∈ {0, 1}. In the base-line model (simple majority rule), the difference in
expected utility for voter i between voting 0 and 1, conditional on having received
signal 0, is

∆u0i (0) = βi Pr [Ti ∧ ω = 0 | si = 0]− αi Pr [Ti ∧ ω = 1 | si = 0]

= βi
(1− μi) q0
Pr [si = 0]

Pr [Ti | ω = 0]− αi
μi(1− q1)

Pr [si = 0]
Pr [Ti | ω = 1]

Thus, sincere voting in this case is optimal if and only if

βi (1− μi) q0 Pr [Ti | ω = 0]− αiμi(1− q1) Pr [Ti | ω = 1] ≥ 0 (20)

15To see this, note that Ci/Bi ≤ D iff

1

γi
· q0
1− q1

− 1 ≥ 1

D

and let η = D/ (D + 1).



The Condorcet Jury Theorem and Heterogeneity 34

and mixing is optimal if and only if this equation is an equality.
Likewise, the difference in expected utility for voter i between voting 1 and 0,

conditional on having received signal 1, is

∆u1i (0) = αi
μiq1

Pr [si = 1]
Pr [Ti | ω = 1]− βi

(1− μi) (1− q0)

Pr [si = 1]
Pr [Ti | ω = 0] ,

and thus sincere voting in this case is optimal if only if

αiμiq1 Pr [Ti | ω = 1]− βi (1− μi) (1− q0) Pr [Ti | ω = 0] ≥ 0, (21)

and mixing is optimal if and only if this last equation is an equality. Summing the
left hand sides of (20) and (21) yields:

βi (1− μi) (2q0 − 1)Pr [Ti | ω = 0] + αiμi (2q1 − 1)Pr [Ti | ω = 1] .

Because q0, q1 > 1/2, this is a strictly positive number as soon as at least one of the
two conditional probabilities Pr [Ti | ω] is positive. Therefore, at least one of the two
inequalities (20) and (21) is necessarily strict in such cases, which means that each
voter must be voting sincerely on (at least) one signal. In particular no voter can be
strictly mixing on both signals. The same argument hold for all ε > 0. Moreover,
the probability for a tie is positive in all Nash equilibria when ε > 0, because if the
probability for a tie were zero, then a voter i could unilaterally deviate by voting
sincerely, and thereby increase his or her conditionally expected utility, since the vote
will matter only when vote i is singled out to determine the collective decision, an
event with positive probability ε/n. In sum: For each ε > 0, and in each equilibrium
under the associated voting rule fε, each voter is voting sincerely on at least one
signal.
From this it follows that there exists one signal value, say 0, such that at least half

of the population vote sincerely when receiving this signal. Without loss of generality,
we may take the point of view of individual i = 2t+ 1 and suppose that individuals
j = 1, ..., t vote vj = 0 when receiving signal sj = 0. Let N0 denote the random
number of votes 0 among voters 1, ..., 2t, conditional upon ω = 0. Then:

Pr [Ti | ω = 0] = Pr[N0 = t].

One can decompose the random variable N0 as N0 = X0 + Y0, where

X0=
tX

j=1

1{sj = 0 | ω = 0}

and

Y0=
tX

j=1

1{sj = 1 ∧ vj = 0 | ω = 0}+
2tX

j=t+1

1{vj = 0 | ω = 0}
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Notice that

Pr[N0 = t] =
tX

k=0

Pr[X0 = k] · Pr[Y0 = t− k]

≤ max
0≤k≤t

Pr[X0 = k]

We do not know the probability distribution of Y0, because of possible mixing. How-

ever, we know that X0 is binomial with parameters q0 and t. Therefore,

max
0≤k≤t

Pr[X0 = k] = Pr[X0 = bq0tc]

where bq0tc denotes the integer part of q0t. If q0t is itself an integer, then

Pr[N0 = t] ≤ Pr[X0 = q0t] =

µ
q0t

t

¶
qq0t0 (1− q0)

t−q0t,

and, using Stirling’s formula:

Pr[X0 = q0t] ∼
1p

2πtq0(1− q0)
.

This last property can be shown to actually hold even if q0t is not an integer. To
obtain a majorization of this probability, we may note, for instance, that it follows
that there exists a T (which only depends on q0) such that for all t > T ,

Pr [T2t+1 | ω = 0] < Λ/
√
t,

where Λ = 1/
p
q0(1− q0). Thus, for t > T and any

ε >
1

Pr[s = 1]
βi(1− μi)(1− q0)

Λ√
t
,

(21) is a strict inequality, which means that sincere voting on signal si = 1 is strictly
optimal for the considered voter i = 2t+ 1. We also note that the lower bound on ε
equals

βi(1− μi)(1− q0)

(1− q1)μi + (1− μi)(1− q0)
· Λ√

t

It follows that there exists a constant Λ0 (which depends on all the parameters) such
that for t > T and ε > Λ0/

√
t, sincere voting on signal s = 1 is strictly optimal for

all voters. By (4), the parameter pairs (αi, βi), for different voters i, all belong to a
bounded set, so we can take Λ0 to be a constant, independent of t.
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If all voters vote sincerely on signal s = 1, then the random number N1 of votes 1
among voters j = 1, ...2t, conditionally on ω = 1 can be decomposed as N1 = X1+Y1,
where

X1=
2tX
j=1

1{sj = 1 | ω = 1}

and

Y1=
2tX
j=1

1{sj = 0 ∧ vj = 1 | ω = 1}

Here X1 is binomially distributed with parameters 2t and q1. Again we note that

Pr [Ti | ω = 1] = Pr[N1 = t] = Pr[X1 + Y1 = t]

=
tX

k=0

Pr[X1 = k] · Pr[Y1 = t− k]

≤ max
0≤k≤t

Pr[X1 = k]

The mode of the binomial distribution of X1 is reached at b2q1tc, an integer that
exceeds t. It follows that

max
0≤k≤t

Pr[X1 = k] = Pr[X1 = t] =

µ
2t

t

¶
qt0(1− q0)

t.

Using Stirling’s approximation formula, one again finds that this quantity is decreas-
ing (this time exponentially) with t.
The same reasoning as above can be applied to equation (20): the negative term,

−αiμi(1 − q1) Pr [Ti | ω = 1], is asymptotically close to zero, and we conclude that
there exist numbers T 0 and Λ00 such that if t > T 0 and ε > Λ00/

√
t, inequalities (20)

and (21) are both strict for all i, which means that all voters vote sincerely on both
signals. This establishes claim (ii).

9.10. Corollary 10. Suppose first that ω = 0 and consider sincere voting under
a randomized voting rule fεt, for a committee of fixed size n = 2t+1. The probability
that committee member i then votes si = 1 is, by definition 1 − q0. If the collective
decision is taken by majority rule applied to all n votes, the probability of a wrong
decision, Xt = 1, is some number Qt ∈ [0, 1]. So the probability of a wrong decision,
given ω = 0, is

Pr [Xn = 1 | ω = 0] = εt(1− q0) + (1− εt)Qt

Since εt → 0, this probability tends to 0 if Qt → 0 as t → ∞ . It thus remains to
prove that Qt → 0. First note that, since n = 2t+ 1 is odd:

Qt = Pr

"
2t+1X
i=1

si > t | ω = 0
#
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Conditional upon ω = 0, the signals si are independent, with the same Bernoulli
distribution. Hence, according to the Central Limit Theorem (see, e.g. Theorem 27.1
in Billingsley, 1995), 1

n

Pn
i=1 si, given ω = 0, converges in distribution to the normal

distribution with mean 1− q0 and variance q0(1− q0)/n. Since q0 > 1/2:

lim
t→∞

Pr

"
1

n

2t+1X
i=1

si >
1

2
| ω = 0

#
= 0.

The same argument applies to the case ω = 1.
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