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Abstract

This paper presents an argument in favor of the �degressive propor-
tionality principle�in apportionment problems. The core of the argument
is that each individual derives utility from the fact that the collective
decision matches her own will with some frequency, with marginal utility
being decreasing with respect to this frequency. Then classical utilitarian-
ism at the social level recommends decision rules which exhibit degressive
proportionality. Application is done to the case of the 27 states of the
European Union.

[Preliminary and incomplete. Comments are welcome.]

1 Introduction

1.1 Background

Consider a situation in which repeated decisions have to be taken under the (pos-
sibly quali�ed) majority rule by representatives of groups (countries) that di¤er
in size. In that case, the principle of equal representation (each representative
should represent the same number of individuals) translates into a principle of
proportional apportionment (the number of representatives of a country should
be proportional to its population). Arguments have been raised against this
principle and in favor of a principle of degressive proportionality according to
which the ratio of the number of representatives to the population size should
decrease with the population size rather than be constant.
The degressive proportionality principle is endorsed by most politicians and

actually enforced (up to some quali�cations) in the European institutions (Du¤
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2010a, 2010b, TEU 2010). It is sometimes termed the Lamassoure-Séverin re-
quirement following the European Parliament Resolution on �Proposal to amend
the Treaty provisions concerning the composition of the European Parliament�
which was adopted on October 11, 2007 after the report by Lamassoure and Sev-
erin (2007). On that occasion it was noted that the treaties and amendments
of the European Union were referring to degressive proportionality �without
de�ning this term in any more precise way.�Then the October 2007 Resolution
stated:

[The European Parliament] Considers that the principle of de-
gressive proportionality means that the ratio between the population
and the number of seats of each Member State must vary in rela-
tion to their respective populations in such a way that each Member
from a more populous Member State represents more citizens than
each Member from a less populous Member State and conversely,
but also that no less populous Member State has more seats than a
more populous Member State.

It is known that, in the case of a Parliament, in which each member must
have one and only one vote, the degressive proportionality requirement is impos-
sible to satisfy exactly, due to unavoidable rounding problems (see for instance
Cichocki and ·Zyczkowski, 2010). But if one seeks to respect the principle �up
to one�, or �before rounding�, and (rather obviously) if one allows for fractional
weights, then many solutions become available, among which one has to choose
(Ramirez Gonzalez, Palomares and Marquez 2006; Martínez Aroza and Ramírez
González 2008, Grimmet et al. 2011).
The aim of this paper is to justify the principle of decreasing proportion-

ality by an optimality argument and thereby to suggest the computation of
optimal weights in speci�c instances, optimal weights which are degressively
proportional.

1.2 Illustration of the argument

The argument in favor of degressively proportional apportionment is based on
the maximization of an explicit utilitarian social criterion. Each individual
derives utility from the fact that the collective decisions often match her own
will. The social objective is simply the sum of such individual utilities. The
argument can be explained with a very simple example.
Suppose there are only two countries, of size n1 and n2, with n1 < n2. Then,

the majority rule gives full power to the big country. When the two countries
agree on which decision to take, they are both satis�ed, but when they disagree,
country 1, the small one, is never satis�ed. Intuition in that case recommends
that the power to decide should be sometime given to the small country. To
be more speci�c, suppose that binary decisions have to be taken according to
the same decision rule. Among these decisions a fraction � is controversial in
the sense that the two countries disagree. Suppose also, for the simplicity of
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the example, that the citizens within each country always agree on their best
choice.
Under the majority rule, a citizen of country 2 is satis�ed with probability

1; and a citizen of country 1 is satis�ed with probability 1 � �. To evaluate
this rule at the collective level, one has to make an assumption as to how a
citizen values the fact of seeing her will implemented with some frequency, say
p. In this paper, we shall make the assumption that this evaluation is a concave
function of p, say  (p), the same function for every citizen. This means that
the individual may well accept that in a moderate proportion of the cases the
collective decision does not follow her will, but she incurs a relatively signi�cant
disutility if that proportion becomes too large. The individual would accept
more easily to see her p decreasing from 1 to :95 than from :6 to :55. We found
this hypothesis psychologically sound, and we will later explain its connection
with the literature. Under this hypothesis, the sum of individual utilities under
the majority rule is:

n1 (1� �) + n2 (1);
because the will of the small country�s citizens is ful�lled with probability 1��;
and the will of the big country�s citizens is ful�lled with probability 1.
Imagine, for the sake of the illustration, that the decision is delegated at

random to one or the other country with respective probabilities q1 and q2 =
1� q1. Then the frequency of a decision opposed to country 1�s will is �q2; and
the social value is:

U(q1) = n1 (1� �q2) + n2 (1� �q1):

If  is linear then the maximum of utility is achieved for q1 = 0, that is the
majority rule, but if  is concave the maximum may be achieved at some interior
point 0 < q1 < 1. More exactly, the condition for an interior optimum is that
the marginal social bene�t at point q1 = 0;

U 0(0) =
1

�
(n1 

0(1� �)� n2 0(1))

be positive, that is:
n1
n2

>
 0(1)

 0(1� �) :

Such a condition is satis�ed if the two countries are not too di¤erent in size, or
if the marginal utility  0 is rapidly decreasing with the probability p. In that
case the optimal value of q is some number between 0 and 1 such that:

n1 
0(1� �q2) = n2 

0(1� �q1):

The optimal voting rule involves randomization, but one should not think
of randomization as some dice to be thrown at the moment of the decision. In
practice, there are two methods by which randomized-like rules are de facto
achieved. One way is to use systems of alternate presidency. Decision is given
to each member of the group for a �xed duration, and if questions to be solved
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arise in a random order through time, each member is decisive on a set of items
which can be considered as random. The time slots allocated to the various
participants can then be �ne-tuned to achieve an optimal randomization. More
importantly, with many countries, randomization naturally arises in practice
in an even simpler way and without alternate presidency, provided that the
coalitions of countries which support the same outcome vary with little or no
systematic pattern. This route is followed in the sequel, where we build a sto-
chastic model to render the above ideas and apply it to the 27 countries of the
European Union.

1.3 Adjacent literature

Most of the existing literature on the subject deals with the measurement of
voting power and the tricky combinatorics arising from the di¤erent ways to
form a majority winning coalition with integer weighted votes; see the books
Felsenthal and Machover (1998) and Laruelle and Valenciano (2008). Our focus
is di¤erent, as can be seen from the two-country example above. The point made
in the present paper rests on the non-linearity of  . It should be contrasted with
the other contributions which derive an optimal rule from an explicit social
criterion.
In Theil (1971) the objective is to minimize the average value of 1=wc(i),

where wc(i) is the weight of the country to which individual i belongs. This
objective is justi�ed as follows by Theil and Schrage (1977): �... let us assume
that when such a citizen expresses a desire, the chance is wi that he meets
a willing ear. This implies that, in a long series of such expressed desires, the
number of e¤orts per successful e¤ort is 1=wi. Obviously, the larger this number,
the worse the Parliament is from this individual�s point of view. Our criterion
is to minimize its expectation over the combined population.�Minimizing this
objective yields weights which are proportional to the square root of the country
size.
In Felsenthal and Machover (1999), the objective is the mean majority

de�cit, that is the expected value of the di¤erence between the size of the major-
ity camp among all citizens and number of citizens who agree with the decision.
In Le Breton, Montero and Zaporozhets (2010) the objective is to get as close as
possible to a situation in which all citizens have the same voting power, as mea-
sured by the nucleolus of the voting game, a concept derived from cooperative
game theory.
The �rst, and now classical, argument proposed in favor of degressive propor-

tionality rests on statistical reasonings leading to the so-called �Penrose Law�,
which stipulates that the weight of a country should be proportional to the
square root of the population rather than to the population itself (Penrose
1946), a pattern that exhibits degressive proportionality. The mathematical
reason1 why the square root appears in this literature is linked to the fact that

1The realized sum of n independent random variables is approximated by its mathematical
expectation up to statistical �uctuations of the order

p
n.
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the assumption is made that, within each country, voters� opinions are inde-
pendent random variables. See Felsenthal and Machover (1998); Ramirez et
al. (2006); S÷omczyński and ·Zyczkowski (2010). The political argument is thus
that, in a world where frontiers have no link with the citizens� opinions, the
representatives could as well be selected at random with no reference to these
countries, but if representants have to be chosen country-wise, then the focus
should be on the quality of the representation of the country by its constituents
as a function of the size of the country. This argument is di¤erent from the one
put forth in the present paper.
In Barbera and Jackson (2006), and Beisbart and Bovens (2007) the opti-

mality is with respect to a sum of individual utilities, as in the present paper,
but individual utilities are linear in p, so that these models do not capture the
phenomenon that we wish to highlight.2 The basic message of these papers is
that country weights should be proportional to the importance of the issue for
the country as a whole. In simplest settings this provides weights which are sim-
ply proportional to the population size. If we knew in advance the importance
for the various countries of the various issues to be voted upon, then we should
change accordingly the countries�weights. Of course this is not possible at the
constitutional stage, but notice that part of this intuition is endogenized in the
setting we propose. Start from weights proportional to the population. Larger
countries are more often successful in that game. Therefore the outcome of the
system is that a citizen (with concave utility) of a larger country is in a situation
of lower marginal utility than a citizen of a smaller country. It may therefore be
e¢ cient to distort the weights in favor of the smaller countries if the small loss
of the many citizens in the larger countries is more than compensated by the
larger bene�t for the citizens of the small countries.

1.4 Concavity of  

In additional to the psychological e¤ects described above, there are several
sources where concavity of  may emerge.
First, consider that the individual utility is de�ned over the sequence of

successes. Suppose that the issues come in a sequence t = 1; 2; � � � . Let zt 2
f0; 1g be the success (zt = 1) or failure (zt = 0) at period t; and let z = (zt)t2N.
Now utility u is de�ned on the equivalence class over the sequences z such that
the following limit exists and equal to p:

lim
T!1

1

T

 
TX
t=1

zt

!
= p: (1)

This is equivalent to say that the individual is indi¤erent in the order of suc-
cess/failure in the sequence, and only the frequency matters. De�ne  by
 (p) = u (z) for any sequence which satis�es (1). Then, we have the following
proposition.

2 Such is also the case of Beisbart and Hartman (2010) who study the in�uence of inter-
country utility dependencies for weights proportional to some power of the population sizes.
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Proposition 1 If u is submodular, then  is concave.

Submodularity of u can be interpreted as the substitutability of di¤erent
issues. An increase of frequency of successful issues is more favorable when
there are less successes among the other issues.
In the same vein, and more concretely, suppose that an individual earns 1

unit of money if the collective decision matches her will, and 0 otherwise, and
suppose that a �xed number T of such independent decisions will be taken,
each time with the probability p of winning. Then the possible total payo¤s
are S = 0, 1; :::, or T . A risk-adverse individual evaluates this prospect using a
Von Neumann and Morgenstern utility function v(s) concave in s. The expected
utility is then a function of p:

 (p) =
TX
t=0

�
T

t

�
pt(1� p)T�tv(t):

Proposition 2 If v is concave, then  is concave.

The concavity of  can also be regarded as ambiguity aversion. The de-
cision maker may have preferences over the probability measures on the acts.
Klibano¤, Marinacci and Mukerji (2005) propose a model which exhibits an ex-
plicit separation between ambiguity as a characteristic of the decision maker�s
subjective beliefs and ambiguity attitude as a characteristic of the decision
maker�s tastes. Consider the following two scenarios. (i) An individual is certain
that her frequency of success is 75%. (ii) There is ambiguity: her frequency of
success may be either 50% or 100% with equal probabilities. Concavity of  im-
plies that the individual prefers the �rst scenario. Even though both scenarios
give an overall �probability�of success as 75%, the individual prefers the �rst
scenario when she likes to know which lottery she faces. Since what we have
in our mind as an application of our theory is the constitutional design, which
should not be variant for di¤erent issues, it is reasonable to distinguish the risk
over the di¤erent issues that an individual faces under a certain constitutional
rule, and the uncertainty about the .
Lastly, the concavity of  can be interpreted as the expression of the aversion

to inequality of the social planner (the constitutionalist). If the numbers ui
are money-metric measurements of i�s welfare, the social planner may have, as
its social objective, the maximization of a Kolm-Atkinson index of the form
W =

P
i  (ui).

Then, as is well-known from the theory of inequality measurement (Dutta
2002), the social objective is egalitarian if the function  is concave, for instance
 (p) = u�i for 0 < � < 1. An extreme, degenerated case is the so-called Rawlsian
objective of maximizing the well-being of the worst-o¤ individual. (This case is
obtained when � tends to 0; and we will show that it implies identical weights
for all countries.) This �Social Welfare� point of view can be philosophically
grounded on an intrinsic inequality aversion of the social planner re�ected in
the formula W =

P
i  (ui) as well as by a purely utilitarian preference that
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takes into account decreasing marginal utility, as put forth by Bentham (1822),
quoted by Trannoy (2011):

All inequality is a source of evil � the inferior loses more in the
account of happiness than the superior is gained.

2 The Model

2.1 Objectives

There are C countries c = 1; :::; C, and country c has a population of nc individ-
uals. We consider binary decision problems. In such a problem, there is a status
quo, labeled 0; and an alternative decision labeled 1. Each individual i has a
favorite decision Xi 2 f0; 1g, and the �nal decision is denoted by d 2 f0; 1g.
A voting rule is used to take all such decisions so that, from the opinions of
the voters, the �nal decision is in accordance with i�s preference with some
frequency:

pi = Pr[Xi = d]:

This frequency gives more or less satisfaction to the individual; the utility of i
is a function of pi, say  (pi). We make the following assumptions:

1.  is the same for all individuals

2.  is increasing

3.  is concave

The �rst assumption can be conceived as methodological since we are dealing
with a problem of constitution design. The second is almost without loss of gen-
erality (changing the preferred option). The third is psychologically meaningful,
as argued in the introduction.
The social goal is de�ned from the individuals� satisfaction in an additive

way:
U =

X
i

 (pi):

This means that the collective judgment is based only on individual satisfaction
with no complementarity at the social level. Notice that, because  is concave,
the maximization of U tends to produce identical values for the individual prob-
abilities pi. Here the egalitarian goal is not postulated as a collective principle
but follows from the individuals�assumed psychology.3

3One exception is allowed later in this paper. In Subsection 3.1, we consider the egalitarian
case as a benchmark, where U is de�ned by the Rawlsian criterion.
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2.2 Probabilistic model

In order to model the correlations between individual opinions, we assume that
opinions are generated as follows: In each country c there is a general opinion
Yc 2 f0; 1g, and each voter i in her country c(i) forms an opinion conditionally on
Yc(i):We suppose that the probability for a voter to have the general opinion of
her country is the same for every voter in every country, and for both alternatives
it is denoted �.

� = Pr
�
Xi = xjYc(i) = x

�
; x = 0; 1:

We assume that � is larger than 1=2, so that Yc can indeed be interpreted as
the general opinion in country c.
The variables Yc 2 f0; 1g are assumed to be randomly distributed and in-

dependent across countries. This assumption, which is in line with standard
assumptions in the literature, captures the idea that the coalitions of countries
which share a common view on a question show no systematic pattern. This as-
sumption may be at odds with reality, but it can be defended in two ways. First,
the way some countries�interests are aligned is itself variable: on some questions
larger countries are opposed to smaller ones, other questions oppose rich coun-
tries to poor ones, East against West, North against South, etc. Second, in the
spirit of constitutional design, one may wish by principle to be blind to current
correlations of interest among some countries and give a strong interpretation
to the idea that countries are independent entities.
Denote by  the probability that any given country approves decision 1.

Again  is supposed to be the same for all countries, meaning that no country
is a priori more conservative than the others.

 = Pr [Yc = 1] :

For the applications, the number of countries is moderate (say 27), and the
number of voters in each country is large (at least several thousand). Therefore
one can neglect intra-country randomness. Then, the proportion of voters who
favor a reform in country c is � with probability  and (1� �) with probability
1 � . The probability that a given voter favors a given reform is � + (1 �
)(1� �).

2.3 Voting Rules

Each country c has a weight wc. In the Council model, the country has in fact
a unique representative, who votes according to the country�s general opinion
Yc. Then the decision d = 1 is taken if, and only if, the total weight of the
countries who voted for is larger than a threshold s:

dcouncil = 1 i¤
X
c

wcYc > s:

In the Parliament model, the country has wc representatives, who vote in
proportion of the voters�opinions. Then, the number of votes at the parliament
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in favor of d = 1 is wc� for a country such that Yc = 1, and is wc(1 � �) for a
country such that Yc = 0.
Here, the decision d = 1 is taken if and only if the total weight of the

representatives who voted for is larger than a threshold s:

dparliament = 1 i¤
X
c

wc (�Yc + (1� �)(1� Yc)) > s:

2.4 Questions

The same question can be asked for the Council model and for the Parliament
model. The objective is to maximize the expected collective welfare. Given are:
the population �gures (nc), the prior probability that a country favors the bill
(), the intra-country in-homogeneity (�), and the utility function ( ). One has
to choose the weights wc and the threshold s; that make C + 1 variables, but
given the form of the two decision rules, we can suppose that

P
c wc = 1. The

expected social welfare is:

U =
X
i

 (pi) =
X
i

 (Pr[Xi = d]) =
X
c

nc (�c) ; (2)

with
�c(i) = Pr[Xi = d]

for any citizen i of country c. This probability can be decomposed conditionally
on the country�s general opinion Yc:

�c = �Pr [d = 1jYc = 1] + (1� )(1� �) Pr [d = 1jYc = 0]
+ (1� �) Pr [d = 0jYc = 1] + (1� )�Pr [d = 0jYc = 0] : (3)

Especially, when the prior is symmetric (i.e.  = 1=2),

�c = 1� �+
�
�� 1

2

�
fPr [d = 1jYc = 1] + Pr [d = 0jYc = 0]g : (4)

One therefore needs to compute the probabilities Pr [djYc]. We use the fol-
lowing Lemma.

Lemma 1 Given the weighted voting rule (w; s), we have

Pr [d = 1jYc = 1] = Pr

24X
k 6=c

wkYk � s0 � wc

35
Pr [d = 0jYc = 0] = Pr

24X
k 6=c

wkYk < s0

35
where s0 = s for the Council model and s0 = s�(1��)

2��1 for the Parliament model.
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Our �rst result is about the threshold. When the prior is symmetric, the
optimal voting rule is the weighted majority rule.

Proposition 3 For  = 1=2, the optimal threshold is s = 1=2 for both the
Council model and the Parliament model.

In the next Section, we report both theoretical and numerical results con-
cerning the optimal weights.

3 Optimal weights

3.1 Two benchmarks

The linear case
Suppose that the function  is linear; then without loss of generality we

can take  (p) = p. Then the optimal weights are simply proportional to the
population.

Proposition 4 If U =
P
i pi the optimal decision rule is a weighted majority,

with weights wc proportional to the population.

The Rawlsian case
On the other hand, suppose that the social criterion gives absolute priority

to the worse-o¤ individual, what is sometimes called the MaxMin, or Rawls�s
criterion. Then the optimal weights are independent of country populations.

Proposition 5 If U = mini pi the optimal decision rule is the simple majority
among countries: all countries have equal weight.

3.2 Normal approximation

The probabilities Pr [djYc] are derived from the weighted sum of C�1 identical
and independent Bernoulli variables. Explicit description of these probabilities
may require complex computations. However, when C is large enough (e.g.
C > 15), approximation by normal distribution is su¢ ciently accurate. Let
m�c and ��c denote the mean and the standard deviation:

m�c = E

24X
k 6=c

wkYk

35 = 
X
k 6=c

wk = (1� wc);

�2�c = V

24X
k 6=c

wkYk

35 = (1� )
X
k 6=c

w2k:

Our approximation is: X
k 6=c

wkYk  N (m�c; ��c) :
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Then, by Lemma 1,

Pr [d = 1jYc = 1] = 1� �
�
s0 � wc �m�c

��c

�
;

Pr [d = 0jYc = 0] = �
�
s0 �m�c
��c

�
;

where � is the cumulative distribution function of the standard normal distrib-
ution. One can also check (with no surprise) that the same result as Proposition
3 is true for the normal approximation.

Proposition 6 For  = 1=2, in the normal approximation the optimum thresh-
old is s = 1=2.

When  = 1=2 and s = 1=2;

Pr [d = 1jYc = 1] = Pr [d = 0jYc = 0] = �
�
wc=2

��c

�
:

Let eU denote the approximated collective welfare. By (2), (3) and Lemma 1,
we have: eU =X

c

ncg

�
wc=2

��c

�
where f (x) = 1 � � + (2�� 1)x and g =  � f � �. Note that f is a linear
function.

Theorem 1 Suppose that the prior is symmetric ( = 1=2). If  is su¢ ciently
concave, then the optimal weights should exhibit degressive proportionality. More
precisely, if � g00(x)

g0(x) >
3x
1+x2 for x > 0; then nc < nc0 implies wc

nc
> wc0

nc0
.

Without assuming any su¢ cient condition on the degree of concavity, de-
gressive proportionality is also obtained when no country is large.

Theorem 2 Suppose that the prior is symmetric ( = 1=2). If all countries
are su¢ ciently small, then the optimal weights should exhibit degressive propor-
tionality.

To see how strong the su¢ cient condition in Theorem 1 is, consider a family
of functions,  a(p) = log(p � a) for a 2 (0; 1=2) : Then, � 00a (p) = 0a (p) =
(p� a)�1, which is increasing in a. It is straightforward to see numerically that
the su¢ cient condition is satis�ed if a > 0:367: Therefore, optimal weights are
proportionally degressive for such functions  a. Now, suppose a = 0:3. Then,
the su¢ cient condition is not satis�ed. However, condition (6) in the Proof
of Theorem 2 is satis�ed for x < 0:66. For a given value of wc, maximum x is
attained if the weights are the same for all k 6= c: wk = (1� wc) = (n� 1). Then,
xmax =

p
n� 1wc= (1� wc). For example, for n = 27, x < 0:66 is guaranteed

if wc < (0:66) =
�
0:66 +

p
26
�
' 0:115: Therefore, if no country has a weight

bigger than 0:115, it is guaranteed that the optimal weights are proportionally
degressive.
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Figure 1: Optimal weights function of the populations.

3.3 Numerical results

Let us consider the 27 European countries, with 751 seats to be allocated. We
take the following parameters:

 = 1=2

� = 1

 (p) = log(p� 1=2):

Table 1 provides for each country the population, the number of representatives
proposed by Pukelsheim (2010), and the optimal number of representative for
our model. The apportionment method used by Pukelsheim (2010), often called
the Fix+Prop method, uses a base of 6 seats per citizenry, with the remaining
589 seats for proportional apportionment using standard rounding methods. As
to the optimal weights for our model, the optimal threshold is s = :5, as proved
in Proposition 3. Table 1 indicates the non-rounded optimal number of seats,
that is 751�wc, to be compared with Fix-Prop. The �gures have been obtained
using the FindMinimum program in Mathematica. They increase from 4:86 for
Malta to 72:83 for Germany in a concave way, as it can be seen on Figure 1. The
last column of Table 1 indicates the value of the probability pi = Pr[Xi = d]
that the collective decision matches individual i�s will. Naturally, the optimal
utilitarian weights are such that this probability depends on the country and is
larger in larger countries.

3.4 Discussion

In the symmetric model ( = 1=2), the values of the probabilities �c are al-
ways larger than 1=2 at the optimum. The above computation was done for the
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population Fix+Prop optimal probability

Germany 82 438 000 96 73.8340 0.678508
France 62 886 200 83 63.4343 0.650804

United Kingdom 60 421 900 80 62.0563 0.647231
Italy 58 751 700 77 61.1115 0.644794
Spain 43 758 300 59 52.1370 0.622098
Poland 38 157 100 52 48.4857 0.613075
Romania 21 610 200 32 36.0653 0.583127
Netherlands 16 334 200 26 31.2435 0.571756
Greece 11 125 200 20 25.6958 0.55881
Portugal 10 569 600 19 25.0368 0.557281
Belgium 10 511 400 19 24.9668 0.557119

Czech Republic 10 251 100 18 24.6516 0.556388
Hungary 10 076 600 18 24.4380 0.555893
Sweden 9 047 800 17 23.1413 0.552892
Austria 8 265 900 16 22.1076 0.550503
Bulgaria 7 718 800 15 21.3558 0.548768
Denmark 5 427 500 13 17.8812 0.540773

Slovak Republic 5 389 200 13 17.8176 0.540627
Finland 5 255 600 12 17.5938 0.540113
Ireland 4 209 000 11 15.7343 0.535849
Lithuania 3 403 300 10 14.1411 0.532203
Latvia 2 294 600 9 11.6032 0.526405
Slovenia 2 003 400 8 10.8400 0.524663
Estonia 1 344 700 8 8.87718 0.520189
Cyprus 766 400 7 6.69932 0.51523

Luxembourg 459 500 7 5.18634 0.511788
Malta 404 300 6 4.86469 0.511057

Table 1: Population, Fix+Prop rounded weights, optimal weights and individual
probabilities
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objective function log(p� 1=2). Using the family of objectives

 a(p) = log(p� a)

for di¤erent values of a with 0 < a < 1=2, one �nds that the optimal weights
exhibit less and less non-linearity when a is smaller. This is due to the fact
that the concavity of the function  a is increasing with a. This con�rms the
intuition on which this paper is based: the optimal weights exhibit degressive
proportionality because the objective function is concave.
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A Appendix

A.1 Proofs

Proof of Proposition 1. We �rst show that for any p1; p2 2 Q with p1 < p2,
we have u (p1) + u (p2) � 2u ((p1 + p2) =2) : To see that, let z be a sequence

which repeats

0B@1; � � � ; 1| {z }
(p1+p2)=2

; 0; � � � ; 0

1CA, and let z0 be a sequence which repeats
0B@0; � � � ; 0| {z }
(p2�p1)=2

; 1; � � � ; 1| {z }
(p1+p2)=2

; 0; � � � ; 0

1CA :

Then, u (z) = u (z0) = (p1 + p2) =2: Now, obviously z _ z0 is a sequence which
repeats 0B@1; � � � ; 1| {z }

p2

; 0; � � � ; 0

1CA ;

and z ^ z0 is a a sequence which repeats0B@0; � � � ; 0| {z }
(p2�p1)=2

; 1; � � � ; 1| {z }
p1

; 0; � � � ; 0

1CA :

By assumption, u is submodular: u (z) + u (z0) � u (z _ z0) + u (z ^ z0). Hence,
 (p1) +  (p2) � 2 ((p1 + p2) =2) : By continuity and monotonicity,  is con-
cave.

Proof of Proposition 2. It is straightforward to show that:

 0 (p) = T

T�1X
t=0

�
T � 1
t

�
pt (1� p)T�1�t fv (t+ 1)� v (t)g ;

 00 (p) = T (T � 1)
T�2X
t=0

�
T � 2
t

�
pt (1� p)T�2�t

�
fv (t+ 2)� v (t+ 1)g
�fv (t+ 1)� v (t)g

�
:

Since v is increasing and concave,

v (t+ 1)� v (t) > 0;
fv (t+ 2)� v (t+ 1)g � fv (t+ 1)� v (t)g < 0:

Hence,  0 (p) > 0 and  00 (p) < 0 for p 2 (0; 1).
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Proof of Lemma 1. We �rst give a proof for the Parliament model. By
de�nition,

Pr [d = 1jYc = 1] = Pr
"X

k

wk (�Yk + (1� �)(1� Yk)) > s

�����Yc = 1
#

= Pr

24X
k 6=c

wk (�Yk + (1� �)(1� Yk)) > s� wc�

35
= Pr

24X
k 6=c

wkYk >
s� (1� �)
2�� 1 � wc

35 :
Similarly,

Pr [d = 0jYc = 0] = Pr
"X

k

wk (�Yk + (1� �)(1� Yk)) < s

�����Yc = 0
#

= Pr

24X
k 6=c

wkYk <
s� (1� �)
2�� 1

35 :
By setting � = 1; we obtain the result for the Council model.

Proof of Proposition 3. Recall that �c = Pr[Xi = d] for any citizen i in
country c. Denote eY�c =X

k 6=c
wkYk:

Then, by Lemma 1,

Pr [d = 0jYc = 0] = Pr
heY�c � s0

i
;

Pr [d = 1jYc = 1] = Pr
heY�c > s0 � wc

i
= 1� Pr

heY�c � s0 � wc
i
:

Hence, by (4)

�c = 1� �+
�
�� 1

2

�
Pr
h
s0 � wc < eY�c � s0

i
:

Notice that this implies that �c is increasing with wc in the sense that if
one compares two countries c, c0 with wc < wc0 then �c � �c0 . The random
variable eY�c is a weighted sum of Bernoulli variables, each of whom take value
0 and 1 with probability  = 1=2. The density of eY�c is a step function which
is symmetric around the average w�c := (1=2)

P
k 6=c wk, non-decreasing before

w�c, and non-increasing after w�c. Therefore the integral of eY�c on an interval
of �xed length attains its maximum when the interval is centered on w�c. In

16



that case, the mid-point of the interval
h
s0 � wc < eY�c � s0

i
, s0�wc=2; is equal

to w�c = (1� wc) =2. It follows that, for any c, �c is maximum for s0 = 1=2. For
both the Council model and the Parliament model, it implies s = 1=2. Since
 is an increasing function, the maximum of U =

P
c nc (�c) is obtained at

s = 1=2.
One should remark that this result holds for all values of the weights wc,

even non-optimal ones.

Proof of Proposition 4. The objective is U =
P
i Pr[Xi = d]. Condi-

tionally on a realization of the vector of variables (Yc)c2C 2 f0; 1gC , the social
utility of taking decision d = 0 or 1 is

U(d = 0) =
X
c:Yc=0

�nc +
X
c:Yc=1

(1� �)nc

U(d = 1) =
X
c:Yc=1

�nc +
X
c:Yc=0

(1� �)nc;

so that d = 1 is strictly better if and only if (2� � 1)
P
c:Yc=1

nc > (2� �
1)
P
c:Yc=0

nc. Since � > 1=2; we know which decision d maximizes the cri-
terion, that is majority rule: d = 1 if

P
c:Yc=1

nc >
P
c:Yc=0

nc and d = 0
otherwise. This optimal rule is indeed a weighted majority rule with weight
wc = nc=

P
c0 nc0 and threshold 1=2.

Proof of Proposition 5. The objective is U = minc �c. By Proposition 4,
the optimal decision rule is the simple majority rule with the equal weight, if
nc = 1 for 8c. That is, for any rule,

P
c �c � Cpeq; where peq is the probability

of winning under the equal weight. Now, suppose that peq < minc �c: Then,
peq < �c for 8c, implying Cpeq <

P
c �c; a contradiction. Therefore, minc �c �

peq for any rule. Hence, optimal U is peq; which is attained by the equal weight.

Proof of Proposition 6. By (4) and Lemma 1, for  = 1=2;

�c = 1� �+
�
�� 1

2

��
1� �

�
s0 � 1=2� wc=2

��c

�
+�

�
s0 � 1=2 + wc=2

��c

��
:

Observe that

@�c
@s0

= 0, �0
�
s0 � 1=2� wc=2

��c

�
= �0

�
s0 � 1=2 + wc=2

��c

�
, exp

 
� 1

2�2�c

�
s0 � 1

2
� wc
2

�2!
= exp

 
� 1

2�2�c

�
s0 � 1

2
+
wc
2

�2!

which implies s0 = 1=2: On the other hand, it is straightforward to see that
@2�c
@s02

���
s0=1=2

= (2�� 1)�00 (wc=2) < 0: Therefore, �c is maximized at s0 = 1=2;
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(i.e. s = 1=2 both in the Council and in the Parliament model) for each country
c. Since eU =Pc nc (�c) and  is increasing, eU is maximized at s = 1=2.

Proof of Theorem 1. Suppose, to the contrary, that w is an optimal weight
vector and there exists a pair (c1; c2) such that nc1 < nc2 and

wc1
nc1

� wc2
nc2

: We

show that there exists a pair
�
w0c1 ; w

0
c2

�
such that w2c1 + w

2
c2 =

�
w0c1
�2
+
�
w0c2
�2

and nc1gc1 (w) + nc2gc2 (w) < nc1gc1 (w
0) + nc2gc2 (w

0) ; where w0 is the weight
vector of which wc1 and wc2 are replaced by w0c1 and w0c2 . Then w0 is an
improvement of w; contradicting the optimality of w.4 Let

� (x) = nc1g

 s
w2c1 + x

W �
�
w2c1 + x

�!+ nc2g
 s

w2c2 � x
W �

�
w2c2 � x

�! :
We want to show �0 (0) > 0: Let h (x) = g

�r
w2c1+x

W�(w2c1+x)

�
: Then, � (x) =

nc1h (x) + nc2h
�
w2c2 � w

2
c1 � x

�
: Hence,

�0 (x) = nc1h
0 (x)� nc2h0

�
w2c2 � w

2
c1 � x

�
;

�0 (0) = nc1h
0 (0)� nc2h0

�
w2c2 � w

2
c1

�
:

We want to show nc1h
0 (0) > nc2h

0 �w2c2 � w2c1� : By de�nition,
h0 (x) = g0

 s
w2c1 + x

W �
�
w2c1 + x

�! 1

2

r
w2c1+x

W�(w2c1+x)

W�
W �

�
w2c1 + x

��2 :

h0 (0) = g0

 s
w2c1

W � w2c1

!
1

2

r
w2c1

W�w2c1

W�
W � w2c1

�2 ;
h0
�
w2c2 � w

2
c1

�
= g0

 s
w2c2

W � w2c2

!
1

2

r
w2c2

W�w2c2

W�
W � w2c2

�2 :
We want to show:

nc1
wc1

g0

 s
w2c1

W � w2c1

!
1�

W � w2c1
� 3
2

>
nc2
wc2

g0

 s
w2c2

W � w2c2

!
1�

W � w2c2
� 3
2

:

Since we assumed wc1
nc1

� wc2
nc2

; it is su¢ cient to show that

g0

 s
w2c1

W � w2c1

!
1�

W � w2c1
� 3
2

4Note that w0 does not sum up to one in general. But once such a vector w0is found, we
can obtain exactly the same probability of winning by normalizing w0: Hence, it su¢ ces to
�nd an unnormalized vector w0.
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is strictly decreasing in wc1 . Let x =
q
w2c1=

�
W � w2c1

�
. Then, 1

W�w2c1
= 1+x2

W :

Hence, what we want to show is equivalent to that g0 (x)
�
1 + x2

� 3
2 is decreasing

in x (> 0). This is equivalent to:

�g
00 (x)

g0 (x)
>

3x

1 + x2
for x > 0. (5)

Proof of Theorem 2. Let 	 = f � �. Then,

g0 (x) =  0 (	 (x))	0 (x) ;

g00 (x) =  00 (	 (x)) (	0 (x))
2
+  0 (	 (x))	00 (x) :

Hence,

�g
00 (x)

g0 (x)
= � 

00 (	 (x))

 0 (	 (x))
	0 (x)� 	

00 (x)

	0 (x)
:

Since � is the cdf of the standard normal distribution, ��00(x)
�0(x) = x: Since f is

linear, �	00(x)
	0(x) = x: Therefore, condition (5) is equivalent to:

� 
00 (	 (x))

 0 (	 (x))
>

1

	0 (x)

�
3x

1 + x2
� x
�
for x > 0: (6)

The right hand side is zero for x = 0 (note that 	0 (0) = (2�� 1)�0 (0) > 0).
By assumption, � 00(	(0))

 0(	(0)) > 0. Therefore, 9x0 such that for all x 2
�
0; x0

�
,

condition (6) is satis�ed. Remember x =
p
w2c= (W � w2c ). Hence, 9w0 such

that for all wc 2
�
0; w0

�
, x is small enough so that (5) is satis�ed.
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