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Abstract

Random taxation may be optimal when the tax payers differ in their at-
titudes towards risk, so that tax randomization enables the government to
separate agents who otherwise would have been pooled. The paper provides
conditions under which randomization is optimal, both characterizing cir-
cumstances where local random deviations are improving in a neighborhood
of a non random optimum, and giving conditions satisfied by a global ran-
dom optimum. A full analytical derivation is provided for economies with
two goods and two agents with isoelastic utilities.
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1 Introduction

The actual tax base often cannot be freely observed by the tax authority.
The cost of auditing all fiscal reports without error then justifies inaccuracy
in the tax system, with agents actually paying random taxes depending on
whether they succeed to escape detection from the tax administration, as
in Cremer and Gahvari (1993), Cremer and Gahvari (1996), Slemrod (2007)
and Slemrod and Traxler (2010).

However random taxation is not necessarily driven by cost considera-
tions. A random tax system may be optimal even if exact auditing can be
implemented at no cost. This may occur when the tax payers differ in their
attitudes towards risk, so that tax randomization enables the government to
separate agents who otherwise would have been treated equally. In Pestieau,
Possen, and Slutsky (2008) agents differ both by their abilities and by their
attitudes towards risks. A nonrandom income tax pools agents with the same
taxable income. In this context, within every income class randomization
may allow to treat differently the tax payers depending on their self-revealed
risk aversions (see the examples of 1991 and 1994 Italian tax amnesties for
an application of this kind of argument in Marchese and Privileggi (2004)).

More generally randomization may be useful whenever risk attitudes are
correlated with other individual characteristics that are private information
to the agents, but relevant to the government. For instance randomization
can be used to select the most productive agents if they are also the least risk
averse; a random conscription draft with exemptions may select young men
with the lowest opportunity costs (Sabin (2008)); a fairy tale king may try
to evaluate how much a young prince loves his daughter by putting forward
a risky fight against a dragoon, and Solomon may gauge entrepreneurship in
the light of a choice involving some exposure to risk (Miller, Wagner, and
Zeckauser (2010)).

The present paper is concerned with a closely related line of argument de-
veloped early on in the context of the principal-agent model by Weiss (1976)
and Stiglitz (1982), where randomization reduces the strength of the incentive
constraints faced by the regulator. Consider a standard Mirrlees economy
with two agents: the first one is skilled and displays a high risk aversion,
whereas the other one is unskilled and has a lower risk aversion. Assume
that the government would like to redistribute welfare from the skilled (rich)
agent towards the unskilled (poor) agent. If neither skills nor risk aversions
are publicly observed, the available information puts strong limits on the
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scope of redistribution: the skilled agent would pretend to be unskilled if
she faced too high a tax. A random tax on the unskilled worker may then
be part of the optimal second-best tax policy: the risk averse skilled type
is discouraged to pretend that she is unskilled, which yields a social gain
possibly overcoming the efficiency loss due to the risk now bearing on the
unskilled. In this example, random taxation can only be optimal when skill
and risk aversion are negatively correlated. Indeed randomized redistribution
would be useless whenever the government favored agent has the highest risk
aversion (Hellwig (2007)).

The most general available results on the usefulness of random taxation
appear in Brito, Hamilton, Slutsky, and Stiglitz (1995). These authors ex-
amine whether a (small) random redistribution can locally improve social
welfare at a nonrandom second best allocation in the standard two good
(consumption and labor) Mirrlees economy. They obtain a necessary and
sufficient condition (their Theorem III) for a local improvement through ran-
domization. However, their constructive tax reform methodology is heavy in
computations and does not provide a description of the mechanism at work.
It is unclear how it could be extended to more general economies. The con-
dition, which bears on a weighted difference of the second derivatives of the
agents’ utility functions, indeed appears quite intricate (Hellwig (2007)).

Second derivatives of utilities are suggestive of second order conditions,
and second order conditions indeed are important since incentive considera-
tions typically generate a nonconvex set of constraints. This means that a
local extremum of the Lagrangian of the government’s problem is not nec-
essarily a local maximum. The present paper provides a general character-
ization of the conditions under which local random redistribution is welfare
improving. It shows how the condition obtained by Brito, Hamilton, Slutsky,
and Stiglitz (1995) relates to the second order conditions of the government’s
program: local randomization is useful if and only if the Hessian of the La-
grangian is not negative definite, when evaluated at a nonrandom extremum.
Under this condition, a given nonrandom extremum may be a local maximum
when only nonrandom deviations are considered, while not being a maximum
anymore when random deviations are allowed.

Our paper provides a careful analysis of the second order conditions. In
a standard optimization problem, the second order conditions restrict devi-
ations to be in the tangent space to the active constraints (see e.g. Simon
and Blume (1994)). The subspace Td associated with the problem involving
only deterministic deviations differs from the subspace Tr which tolerates
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random deviations. Of course the former is included into the latter since a
nonrandom deviation is also a degenerate random deviation. The inclusion
is strict: when random deviations are allowed, the expected deviation must
belong to Td but the dispersion of the transfers around their mean remains
free. This freedom can be exploited by the government along specific direc-
tions when the Hessian of the Lagrangian is not negative definite. The paper
also presents the set of first and second order conditions satisfied by a global
random optimum, when such an optimum exists.1

The theoretical analysis is complemented with a full analytical treatment
of a parametric example with two agents, two goods, and isoelastic utilities.
The set of parameters under which the nonrandom optimum (among nonran-
dom allocations) is dominated by random deviations in its immediate vicinity
is derived explicitly. This example highlights the main forces at work: agents’
risk aversions and social weights, shape of the distribution of types in the
population. A full characterization of the global random optima, including
the number of possible outcomes and the probabilities of their occurrences,
is also offered.

The paper is organized as follows. The second section describes the basic
setup, and how it relates to a number of models of the literature. The pattern
of active incentive constraints is studied in the third section, extending to the
random case some results of Brito, Hamilton, Slutsky, and Stiglitz (1990).
The least-favored agents, who receive the transfer with the lowest expected
value evaluated with the shadow prices to the feasibility constraints, do not
bear risk at the second best optimum. The fourth section characterizes the
optima among the set of nonrandom allocations, with special attention to sec-
ond order conditions. Necessary and sufficient conditions are provided under
which these nonrandom optima can be improved upon locally by small ran-
dom deviations. The general characterization of the global random optima
appears in the fifth section. A parameterized two agents two good economy

1There are a number of circumstances (isoelastic preferences with high risk aversion
of the less favored agents) where the first-best optimum can be approximately obtained:
typically they assign a lottery to the favored agents that gives them the first-best de-
terministic outcome with a probability close to one, and a high punishment with a low
probability going to zero (Brito, Hamilton, Slutsky, and Stiglitz (1995); Pestieau, Pos-
sen, and Slutsky (2002); Miller, Wagner, and Zeckauser (2010)). In this configuration,
there is no second-best optimum since it is always possible to weaken the binding incen-
tive constraint, while at the limit the deterrence disappears. Our results rule out such
circumstances by assuming the existence of a random optimum.

3



with isoelastic preferences is fully solved in the final section.

2 The model

The economy is made of a continuum of agents, who have one of a finite
number of types i = 1, . . . , I. Population size is normalized to 1, with ni
agents of type i. The government assigns a vector of (positive or negative)
transfers zi in Rk to each agent of type i. A vector of transfers z is feasible for
type i agents if it belongs to a closed convex bounded from below subset Zi of
Rk, such that if z belongs to Zi, any z′ ≥ z also belongs to Zi. This is the case
when the government cannot levy more than some given initial endowment
of agent i. The agents of type i who receive the nonrandom transfer z in
Zi have a utility level vi(z), where vi : Zi → R is an increasing concave von
Neumann Morgenstern utility index. Our focus will be on random transfers
z̃i in the setM(Zi) of integrable random variables with support in Zi. When
an agent i receives such a transfer her ex ante utility is

Vi(z̃i) ≡ Evi(z̃i).

In the case of random transfers we note the associated expected utility of type
i agents with the upper case letter V , while v is used for the von Neumann
Morgenstern index. By construction all agents of the same type are ex ante
equally treated.

The weighted utilitarian government chooses an allocation (z̃i), i = 1, . . . , I
that solves the following program

max
I∑
i=1

ainiVi(z̃i)

Vi(z̃i) ≥ Vi(z̃j) for all i and j (λij) (1a)

I∑
i=1

niEz̃i ≤ 0 (p) (1b)

z̃i in M(Zi) for all i, (1c)

when the nonnegative weights ai vary in the standard I-simplex.
This is the general problem solved in the paper. Note that the set de-

fined by the constraints may not be concave, because of the constraints (1a).
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However the constraints are generically qualified. We shall denote by λij
the multiplier associated with the constraint (1a) for agent i comparing her
own bundle to that assigned to type j, and by p the k-dimensional vector of
multipliers associated with the k feasibility constraints (1b).

We give economic interpretations of the program, discussing in turn the
objective and the constraints.

2.1 The objective and the agents’ utilities

The government has full control of the vector of transfers z received by the
agents: the components of z are defined in units observable to the govern-
ment. In some applications, one may need to change variables so as to express
the utility of the agents as a function of z.

To spell out this point, let us consider the standard Mirrlees model. The
economy has two goods, a consumption good r and labor `. One unit of
labor of an agent of type i yields θi units of consumption good. Under
perfect competition, the before tax income of such an agent is yi = θi`i when
she supplies `i units of labor. When she consumes ri, she gets a utility level
u(ri,−`i). If neither labor effort nor wage are publicly observable, but the
government observes before tax income, the government actually controls
zi = (ri,−yi) since it can associate to any before tax income y a value of
the after tax income which coincides with consumption r. To fit with our
framework, one can consequently let vi(zi) ≡ u(ri,−yi/θi).

The above formulation could stand as a reduced form from a more general
setup. Suppose now that consumption is a k−1 dimension vector c of different
goods, the first of these goods serving as the numeraire with price normalized
to 1. Let u(c,−`) be the consumer utility. Then, when confronted with a
couple z = (r,−y) where r is after tax income and y before tax income,
for prices π of consumption goods, the consumer chooses c that maximizes
u(c,−y/θ) subject to the budget constraint π′c = r. This gives the indirect
utility vi(z, π). If consumption prices are exogenously fixed, we are back to
the Mirrlees model, covered by (1). But if prices are endogenously determined
on a competitive market, then they typically depend on the whole allocation
(ri,−yi), i = 1, . . . , I, and the model is not covered by (1) anymore.

In an intertemporal context, the model would apply to a situation where
there is one composite consumption good at each period, the government
controls after tax and before tax incomes at all dates over an agent lifetime,
with variants depending on whether the agents may smooth their consump-
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tion over time (at exogenous interest rates to avoid the difficulty mentioned
in the previous paragraph) or the government controls savings.

2.2 Incentive compatibility

We are interested in second best situations where the government knows
the structure of the economy, but does not know the types of the agents.
Equation (1a) makes sure that when the government announces a set of
possibly random transfers (z̃i) type i agents voluntarily choose the transfer
z̃i assigned to them.

The type i of an agent is possibly multidimensional. The form of the
incentive constraints (1a) assumes that the government does not observe any
part of i. The results of the paper extend trivially to the case where the type
of an agent can be written i = (i0, i1), with the i0 component observable
and verifiable by the tax authority, e.g. age or number of children, while i1
cannot be verified, e.g. taste or risk aversion parameter. Then, as in the
models of the tagging literature, the incentive constraints are:

Vi0i1(z̃i0i1) ≥ Vi0i1(z̃i0i′1) for all i0, i1, i
′
1.

Compared with (1a), there are less incentive constraints since an agent with
characteristics i0 cannot fake being i′0, for i′0 6= i0.

2.3 Aggregate feasibility constraints and production

We assume microeconomic idiosyncratic independent random noise, which
cancels out at the aggregate level. Appealing to the law of large numbers,
the k feasibility constraints are written in expectations, with a vector p of
endogenous multipliers.

Our results easily apply to the case where the goods can be transformed
into one another (leisure or labor) in fixed a priori given proportions (p̄1 =
1, p̄2, . . . , p̄k), as in the basic optimal taxation setup. Then, the k feasibility
constraints reduce to a single one,

I∑
i=1

ni

k∑
h=1

p̄hE(z̃ih) = 0 (p1) (1b’)

Compared with (1b), the multiplier p is exogenously given up to the multi-
plicative constant p1.
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Similarly if the government controls enough of the productive sector to
be able to choose a zP out of a feasible set ZP , the program with production
would follow from replacing (1b) with

I∑
i=1

niEz̃i belongs to − ZP (p) (1b”)

2.4 Individual feasibility constraints

Nonrandom second best allocations are solutions of a program (1’) deduced
from (1) by replacing the constraints (??) zi in M(Zi) with (??’) zi in Zi.
For any set of weights (ai), i = 1, . . . , I, there always exist nonrandom second
best allocations. Indeed the objective is continuous and all the E(z̃i)’s are
bounded below by assumption, so that the set of feasible nonrandom alloca-
tions is compact. On the other hand, while their mathematical expectations
are bounded, there is no natural upward bound on the feasible random allo-
cations themselves: the transfer zi can be very large with a small probability.
We shall proceed with an amended bounded set. For all practical purposes,
there is no reason to believe that by taking a large upper bound, we would
miss important phenomena that might prevail only at infinity but would be
absent for large but bounded z’s.

Although randomness may bear both on after tax or before tax income,
the latter possibly through random bonuses or random unemployment spells,
it seems economically relevant to focus on examples where only after tax
income or consumption are random. In this case, given a non random before
tax income, the tax schedule may introduce randomness in after tax income,
for instance through random audits.

3 Patterns of envy and least-favored agents

In a full information first best setup, the government knows the agents types
and thus only faces the k feasibility constraints (1b). If some transfer z̃i
were random, then it could be replaced with its expectation E(z̃i) without
affecting feasibility. Since agents are risk averse (the utility function vi is
concave), social welfare would improve. In a first-best setup, the solution to
program (1) is nonrandom.
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In a second-best setup where some incentive constraints are active, the
set defined by the constraints is non convex and there may exist agents who
receive random transfers at the optimum. This section studies the pattern
of incentive constraints at an optimum and shows that some of the agents,
the ‘least-favored’ ones, receive nonrandom transfers.

Under qualification of constraints, we know that any solution of the non-
convex program (1) satisfies the necessary first-order condition (see e.g. Si-
mon and Blume (1994) Theorem 18.1) that for all small (possibly random)
changes (z̃) in the allocation, the change in the Lagrangian

L =
I∑
i=1

ainiVi(z̃i)−
I∑
i=1

nip
′Ez̃i +

∑
i 6=j

λij[Vi(z̃i)− Vi(z̃j)] (2)

is small, i.e. o(z̃).

Lemma 1. At a solution of (1), an agent does not envy someone whose
expected trade has a lower value than her:

p · Ez̃j > p′Ez̃i implies Vj(z̃j) > Vj(z̃i).

Proof : Otherwise, Vj(z̃j) = Vj(z̃i). For q in [0, 1], consider the allocation
z̃q that is identical to z̃ for all agents different from j, and gives z̃i with
probability q and z̃j with probability 1−q to type j. All agents have identical
utility levels at z̃ and z̃q. The incentive constraints are satisfied since, for all
k:

Vk(z̃k) ≥ Vk(z̃i)
Vk(z̃k) ≥ Vk(z̃j)

}
=⇒ Vk(z̃k) ≥ qVk(z̃i) + (1− q)Vk(z̃j) = Vk(z̃

q
j ).

Now, for any (small) positive q, the change in the Lagrangian is

dL = p′
∑
k

E(z̃qk − z̃k) = qp′E(z̃j − z̃i) = O(q),

which yields the desired contradiction.

Remark: The proof of Lemma 1 relies on the possibility of random
deviations in M(Zi). To prove a similar result for solutions of the non
random program (1’), we seem to need a (mild) additional condition, akin
to a non-satiation assumption. This is in line with Proposition 1 of Brito,
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Hamilton, Slutsky, and Stiglitz (1990) which relies on a transformation of
the second best program (see their footnote 6, page 65), valid under non-
satiation.

Let LF be the subset of agents who are least favored, in the sense that

LF = {i : p′Ez̃i = min
j
p′Ez̃j},

so that from Lemma 1 no one outside LF envies them. Then

Lemma 2. At a solution of (1), for all i in LF , zi maximizes vi(z) under
the budget constraint p′(z − Ez̃i) ≤ 0.

As a consequence, the net trade of the agents in LF is non random. For
all i in LF ,

zi = Ez̃i.

Proof :
From Lemma 1, for all i in LF and all j not in LF

Vj(z̃j) > Vj(z̃i),

which implies λji is zero.
Therefore considering only the net trades of the agents in LF and using

the fact that the constraints (1b) are linear, the program can be rewritten
as the maximization of ∑

i∈LF

ainiVi(z̃i)−
∑
i∈LF

nip
′Ez̃i,

subject to the incentive constraints among LF

Vi(z̃i) ≥ Vi(z̃j) for all i, j ∈ LF, i 6= j,

and outside LF

Vi(z̃i) ≥ Vi(z̃j) for all i,∈ LF, j 6∈ LF.

Now the maximum feasible utility for i, knowing that i belongs to LF , is
obtained by selecting zi = z∗i as stated in the Lemma. By construction it
satisfies the incentive constraints among LF members. Also it satisfies the
final incentive constraints, since otherwise one would have vi(Ez̃i) ≥ Vi(z̃i) ≥
Vi(z̃j) > vi(z

∗
i ), which would imply p′Ez̃i > p′∗i = p′Ez̃i, a contradiction.
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Corollary 1. At a solution of (1) the vector p has all its components strictly
positive.

Lemma 3. Consider an agent j not in LF at a solution of (1). Then she
satisfies one of the two following properties:

1. either there is an agent i, whose net trade has a lower expected value
(p′Ez̃j > p′Ez̃i), who envies her:

Vi(z̃i) = Vi(z̃j).

2. or zj maximizes vj(z) under the budget constraint p′(z − zj) ≤ 0.

Proof : We show that 2. holds whenever 1. does not. Suppose that for all i
such that p′Ez̃j > p′Ez̃i we have

Vi(z̃i) > Vi(z̃j).

Then, from Lemma 1 all the incentive constraints featuring z̃j and agents i
such that p′Ez̃i 6= p′Ez̃j are slack. From the expression of the Lagrangian,
then zj maximizes vj(z) under the budget constraint p′(z − zj) = 0.

Remark: in the case where there is a single good, z in R, all agents j not
in LF , if any, have a random allocation. Otherwise, zj > zLF would imply
that all the agents in LF would prefer zj to their own allocation.

4 Nonrandom optimum and random devia-

tions

In this section we characterize a local (interior) nonrandom second-best op-
timum. Such an optimum is a profile of nonrandom transfers (zi) solution
to the program (1). Admissible deviations from this profile, i.e., deviations
satisfying both feasibility and incentive constraints, must not yield a (local)
welfare improvement. These deviations may be either deterministic or ran-
dom. The literature usually focuses attention on nonrandom local optima
immune to nonrandom deviations. We show that there are circumstances in
which such an optimum may be improved upon through random deviations.
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4.1 Nonrandom deviations

Let us first restrict our attention to the case where every agent i receives a
nonrandom transfer zi and thus gets utility vi(zi). The Lagrangian function
corresponding to program (1’) is

L =
∑
i

ainivi(zi)−
∑
i

nip
′zi +

∑
i

∑
j 6=i

λij(vi(zi)− vi(zj)).

If the optimum is interior, it satisfies the necessary first-order conditions(
aini +

∑
j 6=i

λij

)
∇vi(zi)− p−

∑
j 6=i

λji∇vj(zi) = 0 for all i, (3)

with the complementary slackness conditions λij (vi(zi)− vi(zj)) = 0 for all
i and j 6= i.

The second order conditions for ((zi), p, λ) to be an interior maximum
depend on the Hessian H of the Lagrangian, that is the Ik-dimensional
square (symmetric) matrix whose ith diagonal block is the k × k matrix

Hi =

(
aini +

∑
j 6=i

λij

)
∇2vi(zi)−

∑
j 6=i

λji∇2vj(zi), (4)

while all off diagonal blocks are zero.

Proposition 1. Consider a non random allocation (zi), each zi in the in-
terior of Zi, associated with multipliers p and λij. Suppose that the matrix
H is of full rank. Then the allocation is a local optimum in the set of non
random allocations if and only if

1. the first order conditions (3) hold;

2. the Hessian H of the Lagrangian is negative definite on the tangent
plane to the active constraints, i.e. for all deviations (xi)’s such that

I∑
i=1

nixi = 0, (5)

and

∇vi(zi)′xi −∇vi(zj)′xj = 0 (6)

for all i 6= j such that vi(zi) = vi(zj) and λij > 0,
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then
I∑
i=1

x′iHixi ≤ 0. (7)

See, e.g., Simon and Blume (1994)). When the incentive constraints do
not bind, the multipliers λij are equal to 0. The matrices Hi defined in
(4) then reduce to aini∇2vi(zi), so that H is negative definite for all possible
deviations, not necessarily restricted to those defined in Part 2 of Proposition
1.

When some incentive constraints bind, the concavity of the utility func-
tions vi(·) no longer warrants the negative definiteness of H. As seen from
the last term in (4), the transfers zi received by type i agents may change the
desire of agents j to pretend that they are of type i. A large enough value of
the multiplier λji could make Hi positive definite. Such a non concave La-
grangian does not necessarily prevent local optimality, but the second order
conditions require a careful analysis. Indeed, Part 2 of Proposition 1 states
that one gets a local optimum whenever in addition to the first order condi-
tions, H is negative definite on the tangent space to the active constraints.
When there are n binding incentive constraints, the tangent space has dimen-
sion Ik − (k + n). At a local optimum, the square matrix H, of dimension
Ik, necessarily has at least Ik − (k + n) negative eigenvalues. Otherwise
there would exist socially improving nonrandom deviations in the tangent
space to the active constraints. Still, the matrix H may have at most k + n
positive eigenvalues, so that the k + n dimensional positive eigenspace of H
and the Ik − (k + n)-dimensional tangent space to the active constraints do
not intersect.

An analytical equivalent condition for Part 2 directly follows from Theo-
rem 18 of Magnus and Neudecker (1991). Let A be the (k + n)× Ik matrix
such that the tangent space to the active (feasibility or incentive) constraints
takes the form Ax = 0. For r = n+k+ 1, . . . , Ik, let Hrr be the r× r matrix
in the top left corner of H, and Ar be the (k+ n)× r matrix whose columns
are the first r columns of A (r = 1, . . . , Ik). Then Part 2 of Proposition 1 is
satisfied if and only if the bordered determinants

(−1)r
∣∣∣∣ 0 Ar
A′r Hrr

∣∣∣∣
are positive for all r = k + n+ 1, . . . , Ik.
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4.2 Random deviations

We now consider the usefulness of local random transfers. Without loss of
generality, see Lemma 6 below, we limit the analysis to lotteries that have a
finite number of points of support, say s = 1, . . . , Si for type i agents. The
social planner now chooses a lottery (zsi , π

s
i ), s = 1, . . . , Si, where agent i will

get zsi with positive probability πsi ,
∑Si

s=1 π
s
i = 1.

Consider a local maximum among the nonrandom allocations, i.e. a set
(zi, p, λ) that satisfies the conditions laid down in Proposition 1. These in-
clude the first-order conditions (3) and the second order conditions (4) on the
tangent plane to the active constraints for nonrandom deviations only. A cru-
cial observation is that the second-order condition may not hold for random
deviations from this certain allocation. Without loss of generality, possible
deviations take the form of net trade changes dzsi = (dzsi −Edz̃i)+Edz̃i with
probability πsi , where Edz̃i =

∑Si
s=1 π

s
i dz

s
i . Hence, agents of type i receive

zi + dzsi with probability πsi .
The Lagrangian evaluated at the nonrandom extremum does not depend

on the probabilities (πi). In addition, the necessary first order condition
with respect to any variable zsi is identical to (3), and therefore is satisfied
at this extremum. As a consequence, the certain allocation is optimal in
the class of random allocations if and only if the (amended) second order
conditions extend to random deviations belonging to the tangent plane to
the constraints.

Lemma 4. Social welfare may be improved through local randomized transfers
at a deterministic second-best interior optimum if and only if the Hessian H
described in (7) has at least one positive eigenvalue.

Proof : The second derivative of the Lagrangian with respect to the variables
(zsi ) is a (k

∑
i Si) square (symmetric) matrix with

∑
i Si blocks of dimension

k × k on its diagonal, and zeros elsewhere. It has k
∑

i Si real eigenvalues.
The block appearing in position is is of the form Hs

i = πsiHi, where Hi is
defined in (4), evaluated at the reference nonrandom allocation. As a result,
the nonrandom allocation is a local optimum when random deviations are
allowed if and only if ∑

i

∑
s

πsi dz
s
i
′Hidz

s
i ≤ 0
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⇔
∑
i

∑
s

πsi (dz
s
i − Edzi)′Hi(dz

s
i − Edzi) +

∑
i

Edz′iHiEdzi ≤ 0, (8)

with (dzsi ) in the tangent plane to the active constraints. This plane only
involves the expected value of the deviations, i.e. it is

I∑
i=1

niEdz̃i = 0 (9)

and
∇vi(zi)′Edz̃i −∇vi(zj)′Edz̃j = 0 (10)

for all i and j 6= i such that vi(zi) = vi(zj).
One can choose independently a profile of mean deviations (Edz̃i) satis-

fying (9) and (10), and the dispersion (dzsi −Edz̃i) of these deviations. Since
the nonrandom allocation is a local maximum when only nonrandom devi-
ations are allowed, the profile (Edz̃i) which maximizes the left-hand side of
(8) is Edz̃i = 0 for all agents. As a result, local random transfers improve
welfare with respect to the reference nonrandom allocation if and only if, at
this nonrandom allocation,

max

{∑
i

∑
s

πsi dz
s
i
′Hidz

s
i |
∑
s

πsi dz
s
i = 0 for all i

}
> 0. (11)

Since the Hessian Hi is a k×k symmetric matrix, all its eigenvalues are real.
When Hi is negative definite, all its eigenvalues are negative, and condition
(11) cannot be met. If at least one of the eigenvalues of Hi is positive, then a
lottery made of the k× 1 eigenvector v associated to the positive eigenvalue,
and −v with equal probabilities satisfies (11). This proves the lemma, since
the eigenvalues of H are the eigenvalues of Hi for all i.

Lemma 4 yields a general condition for the usefulness of local randomiza-
tion. Consider a nonrandom extremum such that n incentive constraints are
binding. When this extremum is a local maximum in the class of nonrandom
transfers, the Hessian matrix H may have at most k+n positive eigenvalues.
By Lemma 4, a local improvement can be reached from this extremum if
and only if H has at least one positive eigenvalue. A given extremum may
be a local maximum in the class of random transfers, and a local minimum
whenever random transfers are allowed.
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Lemma 4 yields the condition found by Brito, Hamilton, Slutsky, and
Stiglitz (1995) in the particular case of an economy with two goods, one
consumption good c and before-tax income y, and two agents, 1 and the
least favored 2 (λ12 = 0). In this case, the first-order conditions (3) relative
to the choice of the contract (c1, y1) proposed to the mimicked agent are

v1` − p− λ21v2` = 0, ` = c, y,

where all partial derivatives are calculated at (c1, y1). These two equations
yield the value of the Lagrange multiplier

λ21 =
v1c + v1y
v2c + v2y

,

The Hessian matrix in (4) therefore rewrites

∇2v1(z1)−
v1c + v1y
v2c + v2y

∇2v2(z1). (12)

Brito, Hamilton, Slutsky, and Stiglitz (1995) have shown that social welfare
improves through local randomized transfers to agent 2 around a determin-
istic second-best interior optimum if and only if the Hessian in (12) is non
negative definite.

5 Random optimum

In a random optimum, some agents receive a lottery of transfers. The gov-
ernment must choose both the possible realizations of the transfers and by
the probability of occurence of each possible transfer. Proposition 1 can be
easily adapted to this more general case. For a random allocation to be a
local optimum, it must be an extremum of the Lagrangian (2). Let us first
consider the choice of the probabilities of occurence of possible transfers.
The Lagrangian (2) is linear in probabilities. Since they cannot matter in
the second order conditions, the Lagrangian is maximized with respect to
the distribution of probabilities faced by agent i. This yields the condition

ainivi(zi)− nip′zi +
∑
j 6=i

λijvi(zi)−
∑
j 6=i

λjivj(zi) ≤ µi,

where µi is a scalar, with equality if the weight on zi is strictly positive.
Hence, we have:
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Lemma 5. The support of the lottery (zsi , π
s
i ) offered to agent i is included

into the set of (zsi ) such that

zsi = arg max
z

{
ainivi(z)− nip′z +

∑
j 6=i

λijvi(z)−
∑
j 6=i

λjivj(z)

}
.

As a consequence, the first order condition for an interior zsi , with positive
probability of occurrence, is similar to (3):(

aini +
∑
j 6=i

λij

)
∇vi(zsi )− p−

∑
j 6=i

λji∇vj(zsi ) = 0 for all i. (13)

Finally the second order conditions for a local optimum are that the
second derivative of the Lagrangian with respect to the variables (zsi ) be
(semi) negative definite on the tangent plane to the constraints (recall that
the Lagrangian being linear in the probabilities, its second derivative with
respect to the πi’s are zero). The Hessian is a square matrix of dimension
(
∑

iHi × k), whose i× h (k × k) block on the diagonal is

Hs
i = πsi

[(
aini +

∑
j 6=i

λij

)
∇2vi(z

s
i )−

∑
j 6=i

λji∇2vj(z
s
i )

]
, (14)

which yields the quadratic form

I∑
i=1

Si∑
s=1

dzs′i H
s
i dz

s
i .

Any allocation satisfying Lemma 5 maximizes the Lagrangian, so that this
quadratic form is negative definite.

It is also possible to bound the number of points in the support of the
allocation. This comes from the observation that program (1) is linear in
probabilities and can be written as

max a′π

Bπ = b. (15)

Here π is the non negative vector obtained from stacking up the individual
probabilities, a is the vector of values of the von Neumann Morgenstern
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indices vi(z
s
i ). Furthermore B is the vector of the coefficients of probabilities

in the various constraints: feasibility (1b), incentive (1a) and the constraints∑Si
i=1 π

s
i = 1. Note that all the potential I × (I − 1) incentive compatibility

constraints are included: the corresponding components of b on the right
hand side are zero for the binding constraints and positive for the ones that
are slack. The row dimension of B therefore is K + I(I − 1) + I = I2 +K.

Lemma 6. 1. Without loss of generality the number of points in the sup-
port of the optimum allocation can be taken to be inferior than or equal
to K + I2.

2. Without loss of generality the number of points in the support of the
allocation of an individual agent at a second best optimum can be taken
to be inferior than or equal to K + 2I − 1.

Proof : We start with 1. The number we are looking for is the minimal num-
ber of strictly positive components in the solution to (28). By contradiction
suppose that π has ` positive components, so that a and B are respectively
of dimension ` and (K + I2)× ` in (28). Then if ` > (K + I2), the kernel of
B is at least of dimension (K + I2)− `. Take an element of the kernel, say q.
By definition Bq = 0. Also note that because of the constraints

∑Si
i=1 π

s
i = 1,

q has at least one negative and one positive components. Consider now the
vector π + λq for λ in R. It satisfies all the constraints: in particular the
slack incentive constraints are satisfied for all λ, with the same value of b.
Also a′q is equal to zero: otherwise π + λq for small positive or negative λ
would lead to a higher objective than π, a contradiction with the fact that π
is the optimum. While π has all its components positive, there is a λ+ > 0
such that π + λ+q has all its components non negative and at least one zero
component, and yield the same value of the objective. Iterating on ` yields
the desired result.

A similar argument shows 2. The subsystem analogous to (28) but re-
duced to some πi has row dimension equal to K + 2(I − 1) + 1: K is the
number of feasibility constraints; agent i can envy the other I − 1 agents,
who in turn can envy her, so that there are 2(I − 1) incentive constraints;
finally the probabilities sum up to 1. The result follows.

Brito et al. three points in the support, with k = I = 1.
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6 An illustration

We present a parametric example where we compute the best nonrandom
allocation. We derive the conditions under which one can locally improve
over this extremum through local random deviations, and finally we compute
the global random second best optimum.

6.1 The economy

We consider a simple economy where agents can be of one of two types,
i = 1, 2, and there are only two goods, consumption and labor. Preferences
of an agent of type i are represented by isoelastic utility functions, and type
2 agents have an inelastic supply of labor l̄:

v1(c, l) =
c1−α1

1− α1

− 1

2
l2, v2(c) =

c1−α2

1− α2

.

The government objective is to maximize a1n1V1 + a2n2V2. The technology
allows to transform one unit of labor into one unit of consumption good, so
that feasibility can be written as

n1c1 + n2c2 = n1l1 + n2l̄.

We shall focus our attention on the situation where the relevant incentive
constraint is V2(c2) ≥ V2(c1).

6.2 The second best nonrandom optimum

At a nonrandom allocation, the incentive constraint gives c2 = c1 ≡ c, and
the feasibility constraint reduces to c = n1l1 + n2l̄. Evaluated at such an
allocation (c1, c2, l1), it is straightforward to verify that the Hessian is

H =

 λα2c
−α2−1 − α1a1n1c

−α1−1 0 0
0 −α2 (a2n2 + λ) c−α2−1 0
0 0 −a1n1

 .

Note that the eigenvalue λα2c
−α2−1 − α1a1n1c

−α1−1 is the only one which
may be positive. Even if it is positive, an extremum is necessarily a local
maximum when admissible deviations are nonrandom. Indeed, in this case,
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dc1 = dc2 ≡ dc and dc = n1dl1. Hence, an extremum (c, c, c/n1) is a (local)
maximum if and only if dc

dc
dc/n1

′H
 dc

dc
dc/n1

 ≤ 0,

which is always satisfied. By Lemma 4, randomness yields a welfare improve-
ment if and only if

λα2c
−α2 − α1a1n1c

−α1 > 0. (16)

Proposition 2. Suppose that α2 > α1. The incentive constraint of agent 2
binds at the (unique) nonrandom second best optimum when the parameters
satisfy the following inequality(

a1
a2

) α1
α2−α1

[
n1 −

(
a1
a2

)− 1+α1
α2−α1

]
+ n2l̄ > 0, (17)

and when the labor supply of agent 2 is not too small, i.e.

l̄ ≥ l∗ > 0,

for some l∗ which depends on the parameters of the model.

This nonrandom allocation is locally welfare dominated by random allo-
cations (where consumption of agent 1 is random and close to c) if and only
if both n2α2 > α1 and[(

1− α1

α2n2

)
a1
a2

] α1
α2−α1

{
n1

(
1− α1

α2

)
−
[(

1− α1

α2n2

)
a1
a2

]− 1+α1
α2−α1

}
+n2l̄ > 0.

(18)

Proof : When one ignores the incentive constraint of agent 1, the optimiza-
tion problem is concave, and its solution is characterized by the first-order
conditions:

a1n1c
−α1 − pn1 − λc−α2 = 0, (19)

a2n2c
−α2 − pn2 + λc−α2 = 0, (20)
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pn1 = a1n1l1 = a1c− a1n2l̄.

Eliminating λ and p yields

F (c) = a1n1c
−α1 + a2n2c

−α2 − a1
c

n1

+ a1
n2

n1

l̄ = 0.

The function F is decreasing from +∞ to −∞, when c increases from 0 to∞,
so that it has a single zero, say c∗. Both agents have the same consumption
c∗ such that F (c∗) = 0.

Summing up (19) and (20) gives

a1n1c
−α1 + a2n2c

−α2 = p.

Substituting p into (19) shows that the corresponding value of λ, λ∗, is of
the same sign as

a1c
∗−α1 − a2c∗−α2 .

Recalling that α2 > α1, it is positive if and only if

c∗ >

(
a2
a1

) 1
α2−α1

.

This is equivalent to

F

((
a2
a1

) 1
α2−α1

)
> 0,

which yields after some manipulation the inequality (17)(
a1
a2

) α1
α2−α1

[
n1 −

(
a1
a2

)− 1+α1
α2−α1

]
+ n2l̄ > 0.

The left hand side of this inequality is increasing from −∞ to +∞ when the
ratio a1/a2 goes from 0 to ∞. Therefore there exists a unique a∗ such that
the inequality is satisfied if and only if a1/a2 > a∗.

The solution of the problem without the incentive constraint of agent 1
is the solution of the overall problem if and only if agent 1 does not want the
bundle allocated to agent 2 at the relaxed optimum. Since both agents have
the same consumptions, this reduces to the inequality

l1 ≤ l̄.
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From the feasibility constraint this is equivalent to

c ≤ l̄,

or F (l̄) ≤ 0. Given the properties of F , there is a threshold l∗ such the
property holds if and only if l̄ ≥ l∗.

Finally, we can derive a condition on the parameters of the model so that
a local random improvement is possible. The inequality (16) takes the form

α2[a1c
∗−α1 − p]− α1a1c

∗−α1 > 0.

Substituting p as before yields

(α2n2 − α1)a1c
−α1 − α2n2a2c

−α2 > 0.

This can only hold if
α2n2 > α1.

Under this condition, it is equivalent to

F

((
α2n2

(α2n2 − α1)

a2
a1

) 1
α2−α1

)
> 0,

which after some manipulation can be rewritten as (18).

The left hand side of (17) is increasing in a1/a2 and it is positive when
this ratio is high enough. As expected, agents of type 2 mimic the other
agents when the government favors agents of type 1. In this configuration,
agents of type 2 are the least-favored. By Lemma 2, these agents must receive
a nonrandom allocation at the second-best optimum. Agents of type 1 are
the only ones who may receive random transfers. Since labor effort of these
agents does not matter in the incentive constraint, l1 is nonrandom. Thus,
only reforms in which c1 is random may locally improve welfare. This is the
case when agents of type 1 display a lower risk aversion than those of type 2
(α1 < n2α2) and the social weight of agents of type 1 is high enough (a1/a2
is high enough). Indeed, the LHS of (18) is increasing with a1/a2 and it is
positive when a1/a2 is high enough.
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6.3 The global random maximum

Lemma 7. Suppose that α2 > α1. The global second best optimum of the
economy where the government puts all the social weight on agent 1 is random
if and only if

1− α1

α1

α2

1− α2

− 1 >
n1

n2

,

and l̄ is larger than a threshold which depends on all the parameters of the
economy.

Proof : We first write the conditions that have to be satisfied by a global
optimum, where agent 2 is the least favored agent and receives a non random
transfer, while agent 1 may get a random allocation. We note that labor
supply does not enter the utility function of agent 2, so that l1 is not an
argument of the incentive constraint: the Lagrangian is concave in l1, which
is non random at the optimum. Randomness, if any, can only bear on the
consumption of agent 1.

The first order conditions corresponding to the derivatives of the La-
grangian with respect to c2 and l1 are:

(a2n2 + λ) c−α2
2 − pn2 = 0 (21)

−a1l1 + p = 0 (22)

Supposing that c1 is random, from Lemma 5 all the values cs1 attained with
positive probability must be such that

G(c) = a1n1
c1−α1

1− α1

− pn1c− λ
c1−α2

1− α2

= µ = max
x

G(x). (23)

This implies the first order condition

a1n1c
−α1 − pn1 − λc−α2 ≤ 0, (24)

with equality if c > 0. Of course

S∑
s=1

πs = 1. (25)
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Feasibility takes the form

n1

S∑
s=1

πscs1 + n2c2 = n1l1 + n2l̄, (26)

Finally the only incentive constraint reduces to

c1−α2
2 =

S∑
s=1

πs(cs1)
1−α2 (27)

Given (p, λ), the function (a2n2 + λ) c−alpha22 − pn2 is decreasing with
c2 from +∞ to a negative value. Hence there is a unique c2 solution to
(a2n2 + λ) c−α2

2 − pn2 = 0.
Given a positive (p, λ), with α1 < α2, the function G(c) at the left

hand side of (23), whose second derivative has the same sign as λα2 −
a1n1α1c

α2−α1 , is convex in the interval [0, c̄] and concave for c > c̄, where
c̄ = (λα2/a1n1α1)

1/(α2−α1 . It is equal to zero at the origin, with slope −∞.
Hence, the only possible consumptions which may constitute the support of
the lottery offered to agent 1 are the zero consumption 0 and the positive lo-
cal maximum c solution to (24), when it exists. To have a random optimum,
we must have these two consumption levels in the support of the lottery.
Evaluated at the origin, (23) gives µ = 0.

We compute the optimum allocation when the government puts all weight
on agent 1, a1 = 1, a2 = 0. The system becomes

n1c
−α1
1 − pn1 − λc−α2

1 = 0

λc−α2
2 − pn2 = 0

pn1 = n1l1

n1
c1−α1
1

1− α1

− pn1c1 − λ
c1−α2
1

1− α2

= 0,

n1πc1 + n2c2 = n1l1 + n2l̄,

c2 = π
1

1−α2 c1

Step 1. Substitute

c2 = π
1

1−α2 c1
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and
n1l1 = pn1

One gets:
n1c
−α1
1 − pn1 − λc−α2

1 = 0

λπ
− α2

1−α2 c−α2
1 − pn2 = 0

n1
c1−α1
1

1− α1

− pn1c1 − λ
c1−α2
1

1− α2

= 0(
n1π + n2π

1
1−α2

)
c1 = pn1 + n2l̄.

Step 2. Substitute

pn2 = λπ
− α2

1−α2 c−α2
1 ⇔ pn1 =

n1

n2

λπ
− α2

1−α2 c−α2
1

One gets

n1c
α2−α1
1 −

(
1 +

n1

n2

π
− α2

1−α2

)
λ = 0

n1
cα2−α1
1

1− α1

− n1

n2

λπ
− α2

1−α2 − λ

1− α2

= 0(
n1π + n2π

1
1−α2

)
=
n1

n2

λπ
− α2

1−α2 c−1−α2
1 + n2l̄c

−1
1 .

Step 3. The difference between the two first equations gives

λ = n1
α1

1− α1

1− α2

α2

cα2−α1
1

Reintroducing λ into the first and the third equations leads to (since α2 > α1,
the term between brackets on the right hand side of (28) is positive)

π =

[
n2

n1

(
1− α1

α1

α2

1− α2

− 1

)]− 1−α2
α2

(28)

−n1π − n2π
1

1−α2 +
n1

n2

n1
α1

1− α1

1− α2

α2

π
−α2
1−α2 c−1−α1

1 + n2l̄c
−1
1 = 0. (29)
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Now π < 1 is equivalent to

1− α1

α1

α2

1− α2

− 1 >
n1

n2

.

The left hand side of (29) is decreasing in c1 from +∞ to a negative number,
and consequently has a single root. Since the expression is increasing in l̄,
the root is also an increasing function of l̄.

It remains to make sure that the incentive constraint of agent 1 is satisfied:

π
c1−α1
1

1− α1

− l21
2
≥ c1−α1

2

1− α1

− l̄2

2
, (30)

where π is given by (28), c1 satisfies (29) and l1 follows from the feasibility
constraint

[n1π + n2π
1

1−α2 ]c1 = n1l1 + n2l̄.

Using (29), the feasibility constraint is equivalent to

l1 =
n1

n2

α1

1− α1

1− α2

α2

π
−α2
1−α2 c−α1

1 .

Substituting c2 and l1 as functions of c1 into (30) yields

π
(

1− π
α2−α1
1−α2

) c1−α1
1

1− α1

− 1

2

(
n1

n2

α1

1− α1

1− α2

α2

π
−α2
1−α2 c−α1

1

)2

+
l̄2

2
≥ 0.

Since c1 is increasing in l̄, the three terms of the above inequality are increas-
ing in l̄, so that the inequality is equivalent to

l̄ ≥ L,

for some L, possibly zero, which depends on the parameters of the model.
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