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Abstract

In this paper, I show that the amount of the environmental damage due to an abrupt
event can be important regarding the sustainability of an economy. When the economy faces
endogenous limit cycles or unstable behavior for a large parameter region for environmental
damage, the Sustainable Development Criterion implying a non-decreasing path for utility is
compromised. In addition, total factor productivity improvements are shown to help an economy
to respect the Sustainable Development Criterion by avoiding limit cycles and unstable behavior
at the long run.
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1 Introduction

The estimation of enviornmental damages of catastrophic climate events is always a discussed
topic (Stern (2006), Nordhaus (2007)). Especially, estimating environmental damages is crucial to
calculate the social cost of carbon in policy implementations. However, measuring environmental
damages is challenging due to the uncertainty about the damage process and to the lack of data
sources regarding the impacts of natural hazards (Tol (2012), Weitzman (2009), Prahl et al. (2016)).

In this paper, I argue that trying to quantify environmental damages are not only important
to calculate the social cost of carbon in economic models but also important to know whether the
economy is sustainable or not at the long run.

The contribution of the paper is that environmental damages due to an uncertain abrupt event are
shown to be able to compromise the sustainability since a wide range of environmental damage value
can cause unstable and cyclical behavior at the long run. As a result, the Sustainable Development
Criterion (Pezzey (1997), IPCC (2007), p.122) implying that the utility of the economy should follow
a non decreasing path (i.e. dU(t)

dt ≥ 0) is not respected. This issue has already been pointed out by
Schumacher and Zou (2008) in a two-period OLG model. Authors show that pollution perception is
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likely to cause a Flip bifurcation and violates the Sustainable Development criterion. However, this
analysis ignores completely the uncertainty component.

The link between environment and endogenous business cycles is examined by many studies.
Wirl (1999a) shows that limit cycles are possible in a model with natural resource stock when there
are adjustment costs for physical capital. In another paper, Wirl (1999b) focuses on the use of
forest lands and argues that cyclical behavior implying both de- and reforestation may be optimal.
Wirl (2004) offers a framework based on Ayong Le Kama (2001) and shows that limit cycles are
possible even in a simple growth model with a pollution externality. A more recent study by Bosi
and Desmarchelier (2017b) proposes a simple method to analyze limit cycles and show the existence
of limit cycles with pollution externality.

This paper differs from the existing literature in two respects: First, the literature on endogenous
business cycles and environment did not take into account the catastrophic event uncertainty. The
consideration of catastrophic event probability is important since the amount of environmental da-
mage due to an uncertain abrupt event is shown to be a potential source of cyclical behavior. Second,
the link between sustainability and catastrophic events has not been examined at a macroeconomic
scale.

Despite the similar framework with Tsur and Zemel (2016), I mainly focus on the possibility of
non-monotonic behavior and stability properties. These issues have not been treated by Tsur and
Zemel (2016) since authors use a method called L-method that they have developed in Tsur and
Zemel (2014). This method allows only a local stability analysis and hence can not identify cyclical
behavior. As it is shown in this paper, the analysis of stability properties and limit cycles yields
interesting results regarding the sustainability of the economy.

What is the economic intuition behind the cyclical behavior ? Limit cycles and unstable dyn-
amic behavior that violate the Sustainable Development Criterion can be understood through the
interdependency of preferences over time (Dockner and Feichtinger (1991), Heal and Ryder (1973)).
A possible solution to avoid unsustainable paths on the long run is shown to be technological im-
provements since the marginal utility of consumption becomes lower with higher productivity level.
Consequently, the variations in consumption would have a lower impact on the marginal utility and
the interdependency of preferences over time turns out to be weaker. Hence, it is less likely that
limit cycles and unstable behavior occur.

2 Model

Let S (t) stand for natural capital stock available at time t. e.g, clean water, soil quality, air
quality, forests, biomass. Disamenities such as waste and pollution stemming from physical capital
accumulation K are supposed to decrease environmental quality stock (Wirl (2004)). The evolution
of stock S (t) follows ;

Ṡ (t) = R (S (t))− w (t) (1)
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where the waste and regeneration of the natural resource stock can be described as

w (t) = γY (t) = γAK (2)

and

R (S) = (1− S)S (3)

The waste coming from physical capital accumulation is proportional to production Y (t) = AK.
The presence of waste has two effects : On the one hand, it reduces the resource stock which increases
the abrupt event probability. On the other hand, since the natural stock decreases with waste, the
amount of damage due to a catastrophic event increases. The physical capital accumulation follows

K̇ (t) = AK − δK − c (t) (4)

where the control variable c (t) stands for consumption at time t and induces utility u (.). K is the
only input to production.

Similar to Tsur and Zemel (2016), the renewable natural resource stock S (t) affects the occurrence
probability of a hazardous event. The abrupt event is characterized by the occurrence probability
and results in a regime switch with an inflicted environmental damage. The consequences of this
regime are described by the post-event value ϕ (S) that I discuss in the remainder of this article.

Let T the event occurrence time and denote F (t) = Pr {T ≤ t} and f (t) = F
′ (t) as the

corresponding probability distribution and density functions respectively. The environmental stock
dependent hazard rate h (S) is related to F (t) and f (t) with respect to

h (S (t)) ∆ = f (t) ∆
1− F (t) (5)

where ∆ is an infinitesimal time interval and h (S (t)) = −d[ln(1−F (t))]
dt . The term h (S (t)) ∆

specifies the conditional probability that an abrupt event will occur between [t, t+ ∆] given that
event has not occurred by time t. A formal specification for probability distribution and density
functions gives

F (t) = 1− exp
(
−
∫ t

0
h (S (τ)) dτ

)
and f (t) = h (S (t)) [1− F (t)] (6)

Since S (t) is a beneficial state, hazard rate h is a non-increasing function
(
h
′ (S) < 0

)
. Given

the uncertain arrival time T , c (t) yields the following payoff∫ T

0
u (c (t)) e−ρtdt+ ϕ (S (T )) e−ρT (7)

where ρ is the discount rate of the social planner. Taking expectations of the expression (7)
according to the distribution of T and considering (6) gives the expected payoff
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∫ ∞
0

U (c (t) , S (t)) exp
(
−
∫ t

0
[ρ+ h (S (τ))] dτ

)
dt (8)

where

U (c (t) , S (t)) = u (c (t)) + h (S (t))ϕ (S (t)) (9)

is the instantaneous utility including an abrupt event threat. In the same line with Tsur and
Zemel (2016), I suppose that a single-occurrence event entails an immediate damage ψ̄ which is
proportional to the stock of natural stock for the sake of analytical simplicity. This type of event with
irreversible negative consequences is usually considered as a “doomsday” event.1 An example of this
kind of irreversible event can be the massive intrusion of saline into freshwater stock, which becomes
impossible to be recovered completely afterwards. The post-value function describing economy after
the occurrence of catastrophic event is defined as

ϕ (S (t)) =
∫ ∞

0
u (cmin) e−ρtdt− ψ (S) (10)

I assume that

A.1 The damage function is characterized by ψ (.): R+ → R+, ψ (S) > 0, ψ′ (S) < 0 and
ψ′′ (S) > 0.

where the consumption level is reduced to cmin by policymaker to not fall below the level S (T )
after occurrence. Note that this subsistence level of consumption does not provide utility to agents
(u (cmin) = 0). The specification of post-regime function can be considered as a restrictive one.
However, the use of a more complicated post-value function with multiple occurrence events does
not change the main mechanisms of the paper but would yield tedious calculations.

The damage function is defined as

ψ (S) = ψ̄ (ω1 − ω2log (S)) (11)

The inflicted environmental damage ψ̄ after the catastrophic event is supposed to be a constant
amount but disutility of this penalty decreases with respect to the natural resource stock. In this
sense, the environment represents a potential amenity value after the event. I suppose that penalty
after an abrupt event is proportional to the resource stock (see Tsur and Zemel (1996)). The
environmental damage parameter ψ̄ is the bifurcation parameter of this study.

The parameter ω1 holds to ensure that there always exists a part of environmental damage that
is not recoverable. In order to simplify the analysis, I use the following functional formsu (c) = c1−σ−c1−σ

min

1−σ

h (S) = b+ de−ζS
(12)

1see Tsur and Zemel (2006) for a detailed discussion.
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I use a CRRA utility function and production is given by the usual AK production function. The
constant parameter ζ shows at which extent the hazard rate is endogenous on the natural resource
stock. In case where ζ = 0, the hazard rate turns out to be exogenous.

2.1 Optimality conditions and stability analysis

In order to simplify the analysis as far as possible, I use the Uzawa’s transformation (Francis and
Kompas (2015)). The associated Hamiltonian isH = u(c)+h(S)ϕ(S)

ρ+h(S) +λ
[

(A−δ)K−c
ρ+h(S)

]
+µ
[

(1−S)S−γAK
ρ+h(S)

]
.

This transformation is useful to reduce the dimension of the dynamical system. Since the endogenous
hazard enters as an additional state variable in the model, there are three state variables. By using
the Uzawa’s transformation, the Jacobian matrix reduces to dimension 4x4. The dynamical system
is given by (see Appendix 4.1 for calculations)



K̇ = (A− δ)K −
(
u−1)′ (λ)

Ṡ = (1− S)S − γAK

µ̇ = µ [ρ+ h (S)− (1− 2S)] + h
′
(S)

ρ+h(S)
[
u (c) + h (S)ϕ (S) + λK̇ + µṠ

]
− h′ (S)ϕ (S)− h (S)ϕ′ (S)

λ̇ = λ [ρ+ h (S)− (A− δ)] + µγA

(13)
A path ensuring these conditions and converging the steady state is optimal thanks to the

concavity of Hamiltonian.

2.2 The steady state of the economy

The steady-state of the economy as a function of S is given by

µ∗ (S) =
h
′ (S)ϕ (S) + h (S)ϕ′ (S)− h

′
(S)

ρ+h(S)

[
u
(

(1−S)S
γA (A− δ)

)
+ h (S)ϕ (S)

]
ρ+ h (S)− (1− 2S) (14)

λ∗ (S) = µ∗ (S) γA
A− δ

(15)

K∗ (S) = (λ∗ (S))−
1
σ

A− δ
(16)

At the steady state Ṡ = 0, The natural resource stock writes as a function of physical capital K:

S∗ = 1
2 ±

√
1− 4AγK∗ (17)

It is possible to remark that there exist two steady states due to the logistic growth function for
natural resources if K∗ < 1

4γA .
Since there are two steady states in this economy due to the logistic growth function for natural

resource stock, one should analyze the stability properties for both of steady states. To do this, I
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first linearize the dynamical system around one of the steady states. (K∗, S∗, λ∗, µ∗)
K̇

Ṡ

λ̇

µ̇

 =


A− δ 0 − 1

σλ
− 1
σ−1 0

−γA 1− 2S 0 0
0 h

′ (S)λ ρ+ h (S)− (A− δ) γA

a41 a42 0 a44



K −K∗

S − S∗

λ− λ∗

µ− µ∗

 (18)

where

a41 = h
′ (S)

ρ+ h (S) (λ (A− δ)− µγA)

a42 = µ
(

2 + h
′
(S)
)

+
(

h
′′ (S)

ρ+ h (S) −
h
′ (S)2

ρ+ h (S)

)
[u (c) + h (S)ϕ (S)]−2h

′
(S)ϕ

′
(S)−h

′′
(S)ϕ (S)−h (S)ϕ

′′
(S)

a44 = ρ+ h (S)− (1− 2S)

The characteristic equation of the linearized system (18) is

ν4 + b1Jν
3 + b2ν

2 + b3ν + b4 = 0

where b1 is the trace of the Jacobian matrix. b2, b3 and b4 are the sum of all principal second,
third order minors and the determinant of the Jacobian matrix respectively.

b1 = −traceJ = 2 (ρ+ h (S)) > 0 (19)

b2 = (1− 2S) (ρ+ h (S))+(ρ+ h (S)− (1− 2S)) ((1− 2S) + ρ+ h (S))+(A− δ) (ρ+ h (S)− (A− δ))

b3 = − ((1− 2S) (ρ+ h (S)− (1− 2S)) + (ρ+ h (S)− (A− δ)) (A− δ) (ρ+ h (S)))

b4 = detJ = (A− δ) (1− 2S) (ρ+ h (S)− (A− δ)) (ρ+ h (S)− (1− 2S))+ 1
σ
λ−

1
σ−1γA

[
γAa42 − h

′
(S)λa44

]
The sustainable development criterion requires that the utility of consumption follows a non-

decreasing path or at least a constant path in order to ensure the sustainability of an economy.

Definition 1 Sustainability Development criterion is respected if the utility of the society follows
an increasing path. i.e. dU(t)

dt ≥ 0

This induces that a cyclical behavior for the consumption at the long run compromises the
sustainability of the economy.

Theorem 1 The characteristic equation of the linearized system (18) has a pair of pure imagi-
nary eigenvalues and two eigenvalues with non-zero real parts if the following three conditions are
ensured
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i) b1b3 > 0

ii) Φ1 = (b1)2
b4 − b3Φ2 = 0

iii) b4 6= 0

where Φ2 = (b1b2 − b3).

Proof. See Appendix 4.2

Proposition 1 (Hopf) A Hopf bifurcation occurs at the critical value ψ̄ = 10.8606 2

At the critical value of ψ̄ = 10.8606, there exists two steady states S∗1 = 0.00485375 and S∗2 =
0.00158351 :

In fact, the Hopf bifurcation occurs around the steady state S∗1 = 0.00485375 since all three
conditions presented in Theorem 1 are ensured. The term Φ1

Φ2
takes the positive value of 0.578806

around the steady state S∗2 = 0.00158351. This means that the Hopf bifurcation is not a possible
outcome around steady state S∗2 = 0.00158351.

The eigenvalues at the critical value of ψ̄ = 10.8606 are as follows

ν1,2 = ±0.240002i, ν3,4 = 1.51039± 0.239983i

The numerical analysis shows that when the penalty rate is higher than the critical value, the
economy admits a saddle path equilibrium or a stable equilibrium with dampened oscillations at the
long run.

2For the numerical analysis, I use the following parameter values : ω1 = 1, ω2 = 0.1, σ = 2, ρ = 1.5, δ = 0.01,
γ = 0.1, cmin = 1, b = 0.0005, d = 0.25, ζ = 720, A = 1.75. The Lyapunov number is 2.42176. This means that the
Hopf bifurcation is subcritical and limit cycles are unstable at the critical value of ψ̄ = 1.007689 .

7



9 10 11 12 13 14 15
y

-3.05

-3.04

-3.03

-3.02

-3.01

b1

9 10 11 12 13 14 15
y

0.05

0.10

0.15

0.20

detHJL

9 10 11 12 13 14 15
y

2.34

2.36

2.38

2.40

2.42

F2

b1

9 10 11 12 13 14 15
y

-0.2

-0.1

0.1

F1

F2

Unstable

Stable

A pair of purely imaginary eigenvalues

Figure 1: Stability conditions

To analyze at which region the economy is stable or unstable, I use the Routh’s theorem (see
Gantmacher (1959)) which shows that the number of roots having positive real parts is equal to the
number of sign changes for the following sequence. The economy at the stable and unstable region
has the following sequence respectively

1︸︷︷︸
+ ,

b1︸︷︷︸
− ,

Φ1

b1︸︷︷︸
+ ,

Φ1

Φ2︸︷︷︸
+ ,

b4︸︷︷︸
+ → Stability (20)

1︸︷︷︸
+ ,

b1︸︷︷︸
− ,

Φ1

b1︸︷︷︸
+ ,

Φ1

Φ2︸︷︷︸
− ,

b4︸︷︷︸
+ → Unstability (21)

On the one hand, the economy uses the environment as a "sink" since the physical capital accu-
mulation creates waste. This can be referred to as economic goal (see Wirl (2004)). On the other
hand, the penalty rate after the occurrence of the abrupt event is proportional to the natural re-
source stock. Then, it is beneficial to protect the environment in order to alleviate the negative
consequences of the penalty3. This can be considered as the environmental goal.

The economic intuition behind the limit cycles and unstable spirals relies on the trade-off between
3A similar penalty function can be found in Tsur and Zemel (1998). Note that authors makes the penalty function

proportional to the pollution stock.
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the economic and the environmental goal. When it becomes difficult to steer between the two
conflicting goals, it can be optimal that the economy cycles around a steady state. However, larger
environmental damage ψ stabilizes the economy. This is due to the fact that agents tend to protect
the environment since the marginal benefit of preserving the environment increases with the inflicted
damage and the environmnetal goal dominates the economic goal. Then, it becomes no more optimal
to cycle around the steady state at the long run.
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UHcHtLL

Figure 2: Phase diagram on a plane (K, S)

Note that the model implies complementarity of preferences over time (see Dockner and Feichtin-
ger (1991) and Mavi (2017) for a detailed proof in a similar model.). The fact that the model displays
interdependency of preferences over time is a source of unstability and limit cycles (see Heal and
Ryder (1973)).

To better understand the implications of complementarity over time regarding the existence
of limit cycles, consider an incremental increase of consumption at time t1. If there is a shift of
consumption from the following date t2 to the date t3, the physical capital at date t1 decreases and
the waste decreases. Consequently, the natural resource stock increases. Nonetheless, the natural
resource stock decreases at the date t2 since the consumption at this date shifts to the date t3. In
a nuthsell, the presence of intertemporally dependent preferences gives an economic explanations to
unstable and cylical behavior at the long run. In the contrary case where the incremental change
of consumption does not shift the consumption of date t2 to t3, the economy has intertemporally
independent preferences and cyclical behavior is not a possible outcome.

In the case where h (S) cancels out (i.e. h (S) = 0), it is easy to remark that the model reduces
to a standard Ramsey growth model and the trade-off between the economic and the environmental
goal disappears. An important remark is that the economy admits a stable unique equilibrium if
there is not an uncertain abrupt damage in the economy.
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2.3 What about other kinds of bifurcation?

It is worthwhile to discuss study other kinds of bifurcation. A Bogdanov-Takens is a double-zero
bifurcation. This means that two of four eigenvalues are zero (ν1 = ν2 = 0). This requires that the
sum of third order minors and determinant of the Jacobian matrix are equal to zero (b3 = b4 = 0).

Proposition 2 (Bogdanov-Takens) A Bogdanov-Takens bifurcation is possible at the critical
value ψ̄ = 1.007689 which implies b3 = b4 = 04.

The eigenvalues at the critical value of ψ̄ = 1.007689 with S∗1 = 0.0012866 are as follows

ν1,2 = 0, ν3 = 1.40017, ν4 = 1.4002

The second steady state S∗2 = 0.893795 is not exposed to a Bogdanov-Takens bifurcation since
b3 < 0 and b4 > 0.

Bogdanov-Takens bifurcation is expected to occur when S∗ = 1
2 which implies that S∗1 and S∗2

coalesce (see equation (17)). This is the case in Bosi and Desmarchelier (2017a) where authors show
that when S∗ = 1

2 , the determinant of the Jacobian matrix evaluated at the steady state turns out
to be equal to zero. In this model, the determinant is not equal to zero when S∗1 and S∗2 coalesce.
When S∗1 and S∗2 coalesce, the determinant is

b4 = detJ = 1
σ
λ−

1
σ−1γA

[
γAa42 − h

′
(S)λa44

]
(22)

The reason behind this difference relies on the fact that Bosi and Desmarchelier (2017a) analyze
a decentralized economy. In this paper, I solve the social planner’s program which takes into account
the social value of natural resource stock. Note that the terms in (22) stem from the last row of the
Jacobian matrix which shows the linearized dynamics of the social value of natural resource stock µ
around S∗.

As for Bodganov-Takens bifurcation, saddle-node bifurcation is expected to occur when S∗1 and
S∗2 coalesce. However, there is a saddle-node bifurcation when S∗1 and S∗2 do not coalesce for the
same reason explained above. A saddle-node bifurcation arises when det(J) = 0.

Proposition 3 (saddle-node) A saddle-node bifurcation occurs when ψ̄ = 1.0077495.

When there is a saddle-node bifurcation, only one of the four eigenvalues crosses zero. The
eigenvalues at the critical value ψ̄ = 1.007749 with S∗1 = 0.0012866 are as follows are as follows

ν1 = −0.007452, , ν2 = 0 ν3 = 1.40018, ν4 = 1.40763
4For the numerical analysis, I use the following parameter values : ω1 = 1, ω2 = 0.1, σ = 2, ρ = 0.9, δ = 0.01,

γ = 0.1, cmin = 1, b = 0.0005, d = 0.25, ζ = 0.5, A = 1.74445.
5For the numerical analysis, I use the following parameter values : ω1 = 1, ω2 = 0.1, σ = 2, ρ = 0.9, δ = 0.01,

γ = 0.1, cmin = 1, b = 0.0005, d = 0.25, ζ = 0.5, A = 1.75.
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The second steady state S∗2 = 0.89331 is not exposed to a saddle-node bifurcation since b3 < 0.

A double-Hopf bifurcation arises when the following conditions are ensured : b1 = b3 = 0,
det(J) > 0, b2 > 0 and (b2)2 − 4det (J) > 0.

Proposition 4 (double-Hopf) A double-Hopf bifurcation is not possible since b1 always admits
a positive value. (see equation (19))

2.4 The role of technological progress on sustainability

What is the role of technological progress regarding the sustainability of the economy ? I show
that an exogenous increase in total factor productivity (TFP) can save the economy from limit cycles
and have a stabilizing role in the economy at the long run.
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Figure 3: Phase diagram on a plane (K, S)

The economic explanation to understand why TFP improvements stablize the economy is the
following : when the economy increases its productivity level, the marginal utility at the long run
decreases. It follows that the incremental changes in consumption has a lower impact regarding the
shift of the consumption between different dates in the future and make limit cycles less likely to
occur (see Figure 3). The graphic on the left-hand side shows that the economy admits a unique
saddle-path equilibrium when TFP is sufficiently high.

3 Conclusion

In this paper, I focus on the link between abrupt environmental damages and sustainability
through a limit cycle analysis. Since the Sustainable Development criterion requires that the utility
of consumption should have a non-decreasing path to ensure the sustainability of an economy, the
existence of limit cycles compromises this criterion. I also argue that TFP improvement can ensure
the sustainability of the economy since it stablizes the economy at the long run.
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4 Appendix

4.1 Optimality Conditions

I reformulate the optimal control problem by using Uzawa’s transformation. This transformation
leads to get rid of from the state variable that appears with the presence of endogenous hazard rate.

max
c

∫ ∞
0

[
u (c) + ϕ (S)h (S)

ρ+ h (S)

]
e−qdq (23)

subject to constraints ;

dS

dq
= (1− S)S − γAK

ρ+ h (S)

dK

dq
= (A− δ)K − c

ρ+ h (S)

where dq
ρ+h(S) = dt. The current-value Hamiltonian is

H = u (c) + ϕ (S)h (S)
ρ+ h (S) + λ

[
(A− δ)K − c
ρ+ h (S)

]
+ µ

[
(1− S)S − γAK

ρ+ h (S)

]
(24)

The first order conditions are

∂H
∂c

= u
′ (c)

ρ+ h (S) −
λ

ρ+ h (S) = 0

∂H
∂S

= µ− dµ

dq
= − h

′ (S)
(ρ+ h (S))2 (u (c) + ϕ (S)h (S)) + ϕ (S)h′ (S)

ρ+ h (S) + ϕ
′ (S)h′ (S)
ρ+ h (S) + µ (1− 2S)

(ρ+ h (S))2

− µ h
′ (S)

(ρ+ h (S))2 [(1− S)S − γAK]− λ h
′ (S)

(ρ+ h (S))2 [(A− δ)K − c] (25)

Multiplying (25) by ρ+ h (S), I convert the problem from virtual time to real time ;

(ρ+ h (S))µ− dµ

dt
= − h

′ (S)
ρ+ h (S) (u (c) + ϕ (S)h (S)) + ϕ (S)h

′
(S) + ϕ

′
(S)h

′
(S) + µ (1− 2S)

− µ h
′ (S)

(ρ+ h (S)) [(1− S)S − γAK]− λ h
′ (S)

(ρ+ h (S)) [(A− δ)K − c] (26)

In the same manner, the dynamics of co-state variable λ write
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∂H
∂K

= λ− dλ

dq
= λ

(A− δ)
ρ+ h (S) − µ

γA

ρ+ h (S) (27)

Multiplying (27) by ρ+ h (S),

∂H
∂K

= (ρ+ h (S))λ− dλ

dt
= λ (A− δ)− µγA (28)

4.2 Proof of Theorem 1

I follow the proof presented in Asada and Yoshida (2003). The characteristic polynomial equation
of the Jacobian matrix evaluated at steady state can be written as

4 (ν) = ν4 + b1ν
3 + b2ν

2 + b3ν + b4 = 0 (29)

Suppose that conditions i), ii) and iii) hold. Then, I can reformulate (29) in the following manner

4 (ν) = ν4 + b1ν
3 +

(
b1b4

b3
+ b3

b1

)
ν2 + b3ν + b4 =

(
ν2 + b3

b1

)(
ν2 + b1ν + b1b4

b3

)
= 0 (30)

where b3
b1
> 0 and b1b4

b3
6= 0, then,

ν1,2 = ±i
√
b3

b1

ν3 + ν4 = −b1 6= 0

ν3ν4 = b1b4

b3
6= 0

As a result, the real part of roots ν3 and ν4 are not zero.
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